FINITE ELEMENT CENTER

PREPRINT 2001Ű13

Analysis of a Nonsymmetric Discontinuous Galerkin Method for Elliptic Problems: Stability and Energy Error Estimates

Mats G. Larson and A. Jonas Niklasson

Chalmers Finite Element Center CHALMERS UNIVERSITY OF TECHNOLOGY Gĺoteborg Sweden 2002

CHALMERS FINITE ELEMENT CENTER

Preprint 2001Ű13

Analysis of a Nonsymmetric Discontinuous Galerkin Method for Elliptic Problems: Stability and Energy Error Estimates

Mats G. Larson and A. Jonas Niklasson

Chalmers Finite Element Center Chalmers University of Technology SEŰ412 96 Gĺoteborg Sweden Gĺoteborg, February 2002

Analysis of a Nonsymmetric Discontinuous Galerkin Method for Elliptic Problems: Stability and Energy Error Estimates Mats G. Larson and A. Jonas Niklasson NO 2001Ű13 ISSN 1404Ű4382

Chalmers Finite Element Center Chalmers University of Technology SEŰ412 96 Gĺoteborg Sweden Telephone: +46 (0)31 772 1000 Fax: +46 (0)31 772 3595

www.phi.chalmers.se

Printed in Sweden Chalmers University of Technology Gĺoteborg, Sweden 2002

Analysis of a Nonsymmetric Discontinuous Galerkin Method for Elliptic Problems: Stability and Energy Error Estimates�

Mats G. Larson^† A. Jonas Niklasson^‡

February 6, 2002

Abstract In this paper we analyze a nonsymmetric discontinuous Galerkin method for elliptic problems proposed by Oden, Babuška, and Baumann. Our main results are a complete inf-sup stability analysis and, as a consequence, error estimates in a mesh dependent energy norm allowing variable meshsize and order of polynomials. The analysis is carried out in two spatial dimensions on an unstructured triangulation.

1 Introduction

Discontinuous Galerkin (dG) methods for numerical approximation of partial differential equations is a classical technique which have recently received new interest, motivated by some attractive features including a flexible discretization allowing easy implementation of h-p adativity , nonmatching grids, and a local conservation property. Of course there are disadvantages too, the number of degrees of freedom is larger, see [12], and efficient iterative solvers are not yet developed.

In this paper we are concerned with the analytical and numerical study of the recent nonsymmetric dG method for elliptic problems proposed by Oden, Babuška, and Baumann in [16]. This method does not contain the stabilizing (penalty) term as the classical symmetric Nitsche method [15]. Plenty of numerical results were presented in [16], showing that a remarkable stability is hidden in the nonsymmetric form for polynomials of order higher or equal to two in one and two spatial dimensions. The desire to analytically understand the stability properties of the nonsymmetric dG method is the motivation for the

∗Research supported by The Swedish Foundation for International Cooperation in Research and Higher Education. The first author was also supported by the Swedish Council for Engineering Sciences.

†Corresponding author, Department of Mathematics, Chalmers University of Technology, Göteborg, SE-412 96, Sweden, mgl@math.chalmers.se

‡Department of Applied Mechanics, Chalmers University of Technology, Göteborg, SE-412 96, Sweden,

jonas.niklasson@me.chalmers.se

present paper. In an earlier paper [13] Larson and Niklasson showed complete stability estimates for a family of dG methods, including both the nonsymmetric method and the symmetric Nitsche method, in one spatial dimension. These results extended the analytical stability estimates presented by Babuška, Baumann, and Oden in [4] for polynomials of order three or higher in one spatial dimensions. The analysis presented in this paper builds on the ideas in [13].

Our main result in this work is a complete discrete stability analysis, where we prove that the method is inf-sup stable with respect to a mesh dependent energy norm for quadratic and higher order polynomials on a general unstructured triangulation in two spatial dimensions. We present numerical calculations of the inf-sup constant confirming our analytical estimates. Our analytical and numerical results confirms the numerical observations reported in [16]. The case of linear ploynomials is also investigated and we show that the inf-sup constant is either zero or depends on the meshsize (depending on boundary conditions) if the mesh is of checkerbord type.

From the study of the discrete stability properties we immediately obtain optimal order a priori error estimates in the energy norm, allowing, local meshsize as well as local degree of polynomials. We present numerical results illustrating our error estimates. In two recent papers, Riviére, Wheeler, and Girault [17] and [18], prove an a priori error estimate of the L^2 norm of the gradient of the error for the nonsymmetric dG method by relating it to a method where the discontinuities on each edge have average zero. However, no stability estimate for the nonsymmetric dG method is presented. We also mention the comprehensive overview and analysis of a large class of dG methods by Arnold, Brezzi, Cockburn, and Marini [3].

Key to our analysis is a splitting of the space of all discontinuous piecewise polynomials into a sum of a space of functions with constrained discontinuities, representing continuous scales, and a space of discontinuous functions with small spatial mean value. This splitting, properly constructed, leads to a triangular system which can be analyzed.

The dG method for elliptic problems appears to originate from the work of Nitsche[15], where a consistent weak treatment of Dirichlet boundary conditions was introduced. Later methods based on discontinuous approximation and weak enforcement of continuity om interelement boundaries by means of terms similar to Nitsches method were introduced, see Douglas and Dupont [10], Baker [6], Wheeler [20], and Arnold [2]. Recently the interest for dG methods have increased, see the proceedings [9], in part, motivated by the success of dG methods for hyperbolic problems. Furthermore, extensions of dG methods to second order problems have been suggested by Bassi and Rebay [7] and Oden et al. [16]. See also Arnold et al. [3] for an overview.

The remainder of this paper is organized as follows: in Section 1 we introduce the nonsymmetric dG method and the necessary notation; in Section 2 we introduce the nonsymmetric dG method; in Section 3 we present the splitting of the discontinuous piecewise polynomial space and the two scale formulation of the dG method; and finally in Section 4 we show the stability estimate and the error estimate in the energy norm.

2 The model problem and dG method

2.1 A model problem

Let Ω be a polygonal domain in R^2 with boundary Γ divided into two disjoint parts Γ = Γ_N ∪ Γ_D. We consider the following linear elliptic model problem: find u : Ω → R such that

−∇ · σ(u) = f in Ω, (2.1) u = g_D on Γ_D, σ_n(u) = g_N on Γ_N .

Here the flux σ(u) is defined by σ(u) = A∇u, (2.2) with A a constant (or piecewise constant) symmetric positive definite matrix and σ_n(u) denotes the normal flux σ_n(u) = n · A∇u, (2.3) where n is the exterior unit normal of Γ. It is well known that there is a unique solution in H^1(Ω) for f ∈ H^{−1}(Ω), g_D ∈ H^{1/2}(Γ_D), and g_N ∈ H^{−1/2}(Γ_N ) to (2.1), see [11], where H^s(ω) denote the standard Sobolev spaces on the set ω.

2.2 Discrete spaces

We let K be a triangulation of Ω into shape regular triangles K and we denote the set of all edges E by E. Further the set of edges is divided into three disjoint sets

E = E_I ∪ E_D ∪ E_N , (2.4)

where E_I is the set of all edges in the interior of Ω, E_D the edges on the Dirichlet part of the boundary Γ_D, and E_N the edges on the Neumann part Γ_N . We let h : Ω → R denote the mesh function such that h|_K = h_K = diam(K) and h|_E = h_E = diam(E), i.e., the length of the edge E. We let V = ⨁ K∈K P_p(K), (2.5)

where P_p(K) is the space of all polynomials of degree less or equal to p defined on K. The degree of polynomials, as well as the meshsize, may vary from element to element so that p|_K = p_K , and thus we allow h-p adaptivity.

2.3 The nonsymmetric dG method

In [16] Oden, Babuška, and Baumann proposed the following nonsymmetric dG method: find u_h ∈ V such that a(u_h, v) = l(v) for all v ∈ V. (2.6) Here a(·, ·) is a bilinear form defined by a(v, w) = a_K(v, w) − a_E (v, w) + a_E (w, v), (2.7) where a_K(v, w) = ∑ K∈K (σ(v), ∇w)_K, (2.8) a_E (v, w) = ∑ E∈E_I ∪E_D (⟨σ_n(v)⟩, [w])_E, (2.9)

and l(·) is a linear functional defined by l(v) = (f, v) + ∑ E∈E_N (g_N , [v])_E + ∑ E∈E_D (g_D, ⟨σ_n(v)⟩)_E. (2.10)

We employed the notation ⟨v⟩ = { (v^+ + v^−)/2 E ∈ E_I , v^+ E ∈ E_D, (2.11)

for the average and

[v] = { v^+ − v^− E ∈ E_I, v^+ E ∈ E_D, (2.12)

for the jump at an edge E, where u^±(x) = lim_{t→0,t>0} u(x∓tn), x ∈ E, and n is the exterior unit normal to E for E ∈ E_D ∪ E_N and a fixed, but arbitrary, unit normal to E for E ∈ E_I , see Figure 1.

Lemma 2.1 If f ∈ L^2, g_D ∈ H^{1/2}(Γ_D), and g_N ∈ L^2(Γ_N ) then the linear functional l(·) is bounded on V and the exact solution u of (2.1) satisfies a(u, v) = l(v), (2.13) for all v ∈ V.

PSfrag replacements

Figure 1: The plus and minus sides of an edge.

Proof. The first statement is obvious. For the second we note that the normal trace σ_n(u) of σ(u) is well defined in L^2(E) on all edges E ∈ E since the stability estimate ‖σ(u)‖ + ‖∇ · σ(u)‖ ≤ c(‖f‖ + ‖g_D‖_{1/2,ΓD} + ‖g_N ‖_{ΓN} ) holds. Here and below we let ‖v‖_{s,ω} and |v|_{s,ω}, denote the standard Sobolev norms and seminorms, respectively, for v ∈ H^s(ω) on the set ω ⊂ Ω. For brevity we write ‖v‖_s = ‖v‖_{s,Ω}, ‖v‖_ω = ‖v‖_{0,ω}, and ‖v‖ = ‖v‖_{0,Ω} for the L^2 norm.

Remark 2.1 The dG method enjoys a local elementwise conservation property. Restricting, for simplicity, our attention to an element K such that ∂K ∩ Γ = ϕ we obtain the discrete conservation law ∫ K f + ∫ ∂K ⟨σ_n(u)⟩ = 0, (2.14)

by choosing v = 1 on K and v = 0 on Ω \ K in (2.6). See, the discussion in [16].

2.4 The energy norm and some useful inequalities

We equip V with the following mesh dependent energy norm |||v|||^2 = |||v|||^2_K + ‖⟨σ_n(v)⟩‖^2_E + ‖h^{−1}[v]‖^2_E , (2.15) where |||v|||^2_K = ∑ K∈K (A∇v, ∇v)_K, (2.16) ‖w‖^2_E = ∑ E∈E_I ∪E_D ‖h^{1/2}w‖^2_E. (2.17)

Next we recall some useful standard inequalities which we will need in our developments. First we have the trace inequality ‖v‖^2_{∂K} = c‖v‖_K ( h^{−1}_K ‖v‖_K + ‖v‖_{1,K} ) for v ∈ H^1(K), (2.18) where c is a constant independent of h. This inequality follows by mapping to the unit size reference element K̃, employing the trace inequality ‖v‖^2_{∂K̃} ≤ c‖v‖~_K‖v‖_{1,}~_K for v ∈ H^1(K̃), (2.19) see Brenner and Scott [8], and finally transforming back to K. Furthermore, the following inverse estimate will be useful ‖⟨σ_n(v)⟩‖_E ≤ C|||v|||_K for v ∈ V, (2.20) with constant C dependent on the degree of polynomials p but not on the meshsize h. This estimate can be shown by scaling, see Thomée [19] for details. Finally we mention the useful inequality ab ≤ ϵ 2 a^2 + 1 2ϵ b^2, (2.21) for any a, b, and ϵ ∈ R with ϵ > 0.

3 A two-scale formulation of the dG method

3.1 A splitting of V

Theorem 3.1 For p ≥ 2 there is a decomposition of V into a direct sum V = V_c + V_d, (3.1) where V_d = {v ∈ V : a_K(w, v) − a_E (w, v) = 0 for all w ∈ V}, (3.2) V_c = {v ∈ V : a_E (w, v) = 0 for all w ∈ V_d}, (3.3) with bilinear forms defined in (2.8) and (2.9). Furthermore, for p ≥ 2 the following norm equivalence holds c_1|||v|||^2 ≤ |||v_c|||^2_K + |||v_d|||^2_K ≤ c_2|||v|||^2, (3.4) with constants c_1 and c_2 independent of h but dependent on p.

For the proof of Theorem 3.1 we need the following two lemmas. Lemma 3.1 For each edge E ∈ E_I ∪ E_D there is a function φ_E ∈ V_d such that [φ_E] = 1 on E, (3.5) ∫ E^0

[φ_E]v = 0 for all v ∈ P_{p−1}(E^′) and E^′ ∈ E \ E, (3.6) where P_{p−1}(E^′) denotes the space of polynomials of order p − 1 defined on E^′.

Proof. We consider the case E ∈ E_I , the case E ∈ E_D is similar, and it is also easy to see that the proof does not work out for E ∈ E_N . We construct φ_E elementwise. Let K^+, K^− ∈ K be the triangles which share an interior edge E. Let z denote the coordinate orthogonal to E and H^± be the height of K^±, and let

φ_E|^±_K = L_p(2(z/H^±) ∓ 1)/2, (3.7)

where L_p denotes the Legendre polynomial, see [1], of order p defined on [−1, 1]. We begin by verifying that φ_E ∈ V_d. Note that the condition

a_K(w, v) − a_E (w, v) = 0, (3.8)

for all w ∈ V, is equivalent to −(∇ · σ(w), v)_K = (σ_n(w), ⟨v⟩)_{∂K}, (3.9) for all w ∈ V_K and K ∈ K. Note that it follows from the fact that the Legendre polynomial L_p is orthogonal to all polynomials of order p − 1 that φ_E satisfies

−(∇ · σ(w), φ_E)_K = 0, (3.10) (σ_n(w), ⟨φ_E⟩)_{∂K} = 0, (3.11)

where in the last equality we also used that ⟨φ_E⟩ = 0 on E. Thus φ_E is in V_d. The properties (3.5) and (3.6) of φ_E are direct consequences of the construction.

Lemma 3.2 For p ≥ 2 there is a w ∈ V_d for each v ∈ V such that

‖h^{−1}P_0[v]‖^2_E = ∑ E∈E_I ∪E_D (⟨σ_n(w)⟩, P_0[v])_E, (3.12) |||w|||_K ≤ c‖h^{−1}P_0[v]‖_E , (3.13) with constant c independent of h and p, and P_0 the edgewise L^2-projection on constant functions.

Proof. Let K be a triangle, E one of the edges of K, H the height of K orthogonal to E, and z ∈ [0, H] the coordinate orthogonal to E. Then the normal derivative of the function z(z/H − 1) is one on E and has average zero on the two other edges. Based on this observation and the fact that A is positive definite we conclude that for p ≥ 2 we can construct a w^′ ∈ V_d for each v ∈ V such that ∑ E∈E_I ∪E_D (⟨σ_n(w^′)⟩, P_0[v])_E = ‖h^{−1}P_0[v]‖^2_E , (3.14) |||w^′|||_K ≤ c‖h^{−1}P_0[v]‖_E . (3.15)

Next, for p ≥ 2, we define w ∈ V_d by a_K(w, v) = a_K(w^′, v) for all v ∈ V_d. (3.16) We note that setting v = w and using the Cauchy-Schwarz inequality gives |||w|||_K ≤ |||w^′|||_K, (3.17) and thus it follows that |||w|||_K ≤ c‖h^{−1}P_0[v]‖_E . (3.18) Using the definition of V_d we get a_E (w, v) = a_E (w^′, v) for all v ∈ V_d, (3.19) and choosing v = φ_E, see Lemma 3.1, we find that P_0⟨σ_n(w)⟩ = P_0⟨σ_n(w^′)⟩ on E, (3.20) for each edge E ∈ E_I ∪ E_D.

Remark 3.1 The construction of w^′ is a consequence of the classical nonconforming quadratic Morley element [14]. The degrees of freedom of the Morley element is the nodal values and the values of the normal derivative at the midpoints of the edges.

Lemma 3.3 It holds ‖h^{−1}(I − P_0)[v]‖_E ≤ c|||v|||_K for all v ∈ V, (3.21) with constant c independent of h and p, and P_0 the edgewise L^2-projection on constant functions.

Proof. Note that we may subtract the projection of v onto piecewise constants π_0v as follows

‖h^{−1}(I − P_0)[v]‖^2_E = ‖h^{−1}(I − P_0)[v − π_0v]‖^2_E (3.22) ≤ c ∑ K∈K h^{−1}‖v − π_0v‖_K ( h^{−1}‖v − π_0v‖_K + ‖v − π_0v‖_{1,K} ) (3.23) ≤ c|||v|||^2, (3.24) where we finally used the interpolation estimate (4.12) together with the fact that the H^1-seminorm can be estimated by the energynorm.

Proof of Theorem 3.1 Clearly V = V_c + V_d by the definition. Assume that v ∈ V_c ∩ V_d. Then we conclude that a_K(v, v) = 0 and thus v is a piecewise constant function. It follows that a_E (w, v) = 0 for all w ∈ V_d, invoking Lemma 3.2 we find that v = 0. Therefore the sum is direct for p ≥ 2.

Starting with the left inequality in (3.4) we first observe that, using the inverse inequality (2.20) and the triangle inequality, we have |||v|||^2 ≤ c|||v|||^2_K + ‖h^{−1}[v]‖^2_E ≤ c ( |||v_c|||^2_K + |||v_d|||^2_K ) + ‖h^{−1}[v]‖^2_E , (3.25)

and thus we need to estimate ‖h^{−1}[v]‖^2_E . Using the triangle inequality we have

‖h^{−1}[v]‖_E ≤ ‖h^{−1}(I − P_0)[v]‖_E + ‖h^{−1}P_0[v]‖_E . (3.26)

For the first term on the right hand side in (3.26) we have, using Lemma 3.3, ‖h^{−1}(I − P_0)[v]‖_E ≤ c|||v|||_K ≤ c ( |||v_d|||_K + |||v_c|||_K ) . (3.27)

Next for the second, invoking Lemma 3.2 gives

‖h^{−1}P_0[v]‖^2_E = ∑ E∈E_I ∪E_D (⟨σ_n(w)⟩, P_0[v])_E (3.28) = ∑ E∈E_I ∪E_D (⟨σ_n(w)⟩, [v])_E − ∑ E∈E_I ∪E_D (⟨σ_n(w)⟩, (I − P_0)[v])_E. (3.29)

For the first term on the right hand side in (3.27) we have the estimate ∑ E∈E_I ∪E_D (⟨σ_n(w)⟩, [v])_E = ∑ E∈E_I ∪E_D (⟨σ_n(w), [v_d])_E (3.30) = ∑ K∈K (σ(w), ∇v_d)_K (3.31) ≤ |||w|||_K|||v_d|||_K (3.32) ≤ c‖h^{−1}P_0[v]‖_E |||v_d|||_K, (3.33) where we used the fact that w ∈ V_d in (3.30); the definition of V_d in (3.31); the Cauchy- Schwarz inequality in (3.32); and finally the stability estimate (3.13) in (3.33). For the second term ∑ E∈E_I ∪E_D (⟨σ_n(w)⟩, (I − P_0)[v])_E ≤ ‖⟨σ_n(w)⟩‖_E ‖(I − P_0)h^{−1}[v]‖_E (3.34) ≤ c|||w|||_K|||v|||_K (3.35) ≤ c‖h^{−1}P_0[v]‖_E |||v|||_K, (3.36) where we used the Cauchy-Schwarz inequality in (3.34), the inverse inequality (2.20) and Lemma 3.3 in (3.35), and finally the stability estimate (3.13) in (3.42).

Starting from (3.29) and using the triangle inequality together with estimates (3.33) and (3.42), and finally dividing with ‖h^{−1}P_0[v]‖_E , give ‖h^{−1}P_0[v]‖_E ≤ c ( |||v_d|||_K + |||v_c|||_K ) , (3.37)

which together with (3.26) and (3.27) prove the left inequality in (3.4).

We now turn to the proof of right inequality in (3.4). Starting from the definition (3.2) of V_d in Theorem 3.1, and setting w = v_d we get

|||v_d|||^2_K = a_K(v_d, v_d) (3.38) = a_E (v_d, v) (3.39) ≤ ‖⟨σ_n(v_d)⟩‖_E ‖h^{−1}[v]‖_E (3.40) ≤ c|||v_d|||_K|||v|||, (3.41) where we used the Cauchy-Schwarz inequality, and at last, the inverse inequality (2.20) and the obvious fact that ‖h^{−1}[v]‖_E ≤ |||v|||. Finally, dividing by |||v_d|||_K, and squaring both sides, give |||v_d|||^2_K ≤ c|||v|||^2. (3.42) Next for v_c we simply have |||v_c|||^2_K = |||v − v_d|||^2_K (3.43) ≤ c ( |||v|||^2_K + |||v_d|||^2_K ) (3.44) ≤ c|||v|||^2, (3.45) which together with (3.42) prove the right inequality in (3.4). At last tracing constants we find that both c^{−1}_1 and c_2 are of the form cC^2 + c, where c denote constants independent of both h and p, and C is the constant in the inverse inequality (2.20), which depends on p.

3.2 A two-scale formulation of the dG method

Here we shall derive a system of equations corresponding to (2.6) using the splitting given in Theorem 3.1. Writing u = u_c + u_d and v = v_c + v_d and using the following identities

a(u_c, v_d) = 0, (3.46) a(u_d, v_c) = 2a_K(u_d, v_c), (3.47) a(u_d, v_d) = a_K(u_d, v_d), (3.48) which are direct consequences of Theorem 3.1, we obtain a triangular system of the form: find u = u_c + u_d ∈ V_c + V_d such that

a(u_c, v_c) + 2a_K(u_d, v_c) = l(v_c), (3.49) a_K(u_d, v_d) = l(v_d).

We note that with this particular splitting of V the discontinuous scales, V_d, are in fact not coupled to the continuous scales, V_c.

3.3 Checkerboard solutions for p = 1

For p = 1 the splitting (3.1) in Theorem 3.1 is not direct and the norm equivalence (3.4) does not hold in general. This fact can be seen as follows. Using Green’s formula we have ∑ K∈K (∇w, A∇v)_K = ∑ K∈K (−∇ · ∇w, v)_K + ∑ E∈E_I ([σ_n(w)], ⟨v⟩)_E + (⟨σ_n(w)⟩, [v])_E + ∑ E∈E_D∪E_N (σ_n(w), v)_E. Now if v is a piecewise constant function then ∇v = 0, and if w is a piecewise linear function then −∇ · A∇w = 0 (recall that A is piecewise constant). Using these facts we get a_E (w, v) = − ∑ E∈E_I ([σ_n(w)], ⟨v⟩)_E − ∑ E∈E_N (σ_n(w), v)_E, and thus if E_N is empty and ⟨v⟩ = 0 on each edge then a_E (w, v) = 0 for all w ∈ V. Going back to the splitting V = V_c + V_d, in Theorem 3.1 we find that v ∈ V_c ∩ V_d and thus the splitting is not direct. Further it is easy to see that |||v|||_K = 0, while |||v|||^2 ≠ 0 and thus c_1 must be zero, i.e., (3.4) does not hold. However, a piecewise constant function v, with ⟨v⟩ = 0 on each E ∈ E_I , does only exist on a checkerboard mesh, i.e., a mesh which could be colored as a checkerboard with two colors. In Figure 2 we give an exampel of such a function v on an unstructured checkerboard triangulation of the unit square. In the case when E_N is not empty but the mesh is a checkerboard mesh we instead get that c_1 → 0 as h → 0. However, a general unstructured triangulation, is usually quite far from being a checkerboard mesh and in such a situation the norm equivalence will in general hold even for p = 1. See the computations of the inf-sup constant presented below.

4 Stability analysis and error estimates in the energy norm

4.1 Stability analysis

Our main result in this section is a proof that the inf-sup constant, see for instance [8], is positive independent of the meshsize. This stability result is, as is well known, key for

(a) (b)

Figure 2: (a) Checkerboard solution with black = −1 and white = 1 and (b) the corresponding triangulation of the unit square proving existence and uniqueness of the discrete solution as well as error estimates in the energy norm.

Theorem 4.1 If p ≥ 2 then there is a constant m > 0, such that inf_{u∈V} sup_{v∈V} a(u, v) |||u||| |||v||| ≥ m. (4.1) The constant m is independent of h but depends on p.

Proof. Using identities (3.46–3.48) we have a(u_c + u_d, v_c + v_d) = a(u_c, v_c) + 2a(u_c, v_d) + a(u_d, v_d). (4.2) Setting v_c + v_d = u_c + γu_d, (4.3) where γ ∈ R is a parameter, we get a(u_c + u_d, v_c + v_d) = |||u_c|||^2_K + 2a_K(u_d, u_c) + γ|||u_d|||^2_K (4.4) ≥ |||u_c|||^2_K − 2 |||u_d|||_K|||u_c|||_K + γ|||u_d|||^2_K (4.5) ≥ (1 − ϵ)|||u_c|||^2_K + (γ − ϵ^{−1})|||u_d|||^2_K. (4.6) Here we used the Cauchy-Schwarz inequality and (2.21). Choosing ϵ such that 1 − ϵ ≥ m^′ and γ ≥ 1 such that γ − ϵ^{−1} ≥ m^′, we get a(u_c + u_d, u_c + γu_d) ≥ m^′ ( |||u_c|||^2_K + |||u_d|||^2_K ) . (4.7)

Next we note that, for γ ≥ 1, we have c_1|||u_c + γu_d|||^2 ≤ |||u_c|||^2_K + γ^2|||u_d|||^2_K (4.8) ≤ γ^2 ( |||u_c|||^2_K + |||u_d|||^2_K ) , (4.9)

and thus we conclude that |||u_c + u_d||| |||u_c + γu_d||| ≤ c^{−1}_1 γ ( |||u_c|||^2_K + |||u_d|||^2_K ) . (4.10)

Combining (4.7) and (4.10) we imediately get the desired inf-sup bound

inf_{u∈V} sup_{v∈V} a(u, v) |||u||| |||v||| ≥ c_1m^′ γ = m. (4.11)

Example: Computation of the inf-sup constant We compute the inf-sup constant for the discrete Laplacian defined by (2.6) on the unit square Ω = [0, 1]^2 with homogenous Dirichlet conditions on Γ. The triangulations are quasiuniform unstructured with N elements. For details on such computations we refer to Oden et al. [16]. In Table 1 we present the inf-sup constant m for a variety of triangulations and p = 1, . . . , 4. We note that the inf-sup constant is independent of the number of elements (or meshsize) and decreases with increasing p ≥ 2, as expected. Note also, that for p = 1 the inf-sup constant is indeed strictly positive due to the fact that these computations are done on an unstructured grid in two spatial dimensions, which is typically not close to a checkerboard mesh.

N p = 1 p = 2 p = 3 p = 4 72 0.054 0.116 0.071 0.047 290 0.022 0.115 0.068 0.044 1300 0.022 0.115 0.067 0.044 2604 0.021 0.116 0.070 – 5366 0.023 0.115 – –

Table 1: The inf-sup constant m for different p and meshes with N elements.

4.2 Error estimates in the energy norm

We first recall that given u ∈ H^s(K), there is π_K u ∈ P_p(K) such that the following estimate holds ‖u − π_Ku‖_{r,K} ≤ cp^{r−s}_K h^{μ−r}_K |u|_{s,K}, (4.12) where 0 ≤ r ≤ s, μ = min(p + 1, s) and c is a constant independent of h and p, see [5]. Further we let πu ∈ V be defined by (πv)|_K = π_K(v|_K). Using (4.12) we get the following lemma.

Lemma 4.1 Let u ∈ H^s then |||u − πu||| ≤ c ( ∑ K∈K p^{−(2s−3)} K h^{2(μ−1)}_K |u|^2_{s,K} )_{1/2} , (4.13)

where πu ∈ V is defined in Subsection 2.2.

Proof. With η = u − πu we have |||η|||^2 = ‖η‖^2_K + ‖⟨σ_n(η)⟩‖^2_E + ‖h^{−1}[σ_n(η)]‖^2_E . Using the boundedness of A, we get ‖η‖_K ≤ c‖η‖_1. For the second term we invoke the trace inequality (2.18), elementwise to obtain ‖⟨σ_n(η)⟩‖^2_E ≤ c ∑ K∈K h‖∇η‖_K ( h^{−1}‖∇η‖_K + ‖∇η‖_{1,K} )

≤ c ∑ K∈K ‖η‖_{1,K} ( ‖η‖_{1,K} + h‖η‖_{2,K} ) . For the third term we get in the same way ‖h^{−1}[η]‖^2_E ≤ c ∑ K∈K h^{−1}‖η‖_K ( h^{−1}‖η‖_K + ‖η‖_{1,K} ) .

Now (4.13) follows directly from the interpolation error estimate (4.12).

Using the stability estimates and interpolation error estimate we obtain the following energy norm estimate.

Theorem 4.2 The following energy norm error estimate holds

|||u − u_h|||^2 ≤ c(1 + m^{−1}) ( ∑ K∈K p^{−(2s−3)} K h^{2(μ−1)}_K |u|^2_{s,K} )_{1/2} , where c denotes constants independent of h and p. The constant m, defined in Theorem 4.1, is independent of h but depends on p.

Proof. First we write |||u − u_h||| = |||u − πu||| + |||πu − u_h|||, (4.14)

PSfrag replacements

Figure 3: The energy error as a function of the average meshsize h_{av} for p = 1, . . . , 4.

where π is the local L^2 projection on each element. Since πu − u_h ∈ V it follows from Theorem 4.1 that the second term can be estimated as follows m|||πu − u_h||| ≤ sup_{v∈V} a(πu − u_h, v) |||v||| ≤ |||u − πu|||, (4.15) where in the second inequality we used Galerkin orthogonality (2.6) to get a(πu − u_h, v) = a(πu − u, v), and then the Cauchy-Schwarz inequality gives a(πu − u, v) ≤ |||πu − u|||, |||v|||. Together (4.14) and (4.15) give |||u − u_h||| ≤ (1 + m^{−1})|||u − πu|||, and the right hand side can be now be immediately estimated using Lemma 4.1.

Example: The error in the energy norm. We consider the Poisson equation (2.1) on the unit square, Ω = [0, 1]^2, with homogeneous Dirichlet boundary conditions, u = 0, on the boundary Γ and the right hand side f chosen so that the exact solution is u(x, y) = sin(πx) sin(πy). The triangulation is unstructured and all triangles are of approximately the same size. We plot the error as a function of the average meshsize h_{av} defined by h_{av} = 1/ √ 2N where N is the number of elements.

References

[1] Milton Abramowitz and Irene A. Stegun. Handbook of mathematical functions with formulas, graphs, and mathematical tables. Dover, 1974.

[2] D.N. Arnold. An interior penalty finite element method with discontinuous elements.

SIAM J. Numer. Anal., 19(742), 1982.

[3] D.N. Arnold, F. Brezzi, B. Cockburn, and L.D. Marini. Unified analysis of discontinuous Galerkin methods for elliptic problems. SIAM J. Numer. Anal., 39(5):1749–1779, 2001.

[4] I. Babuška, C.E. Baumann, and J.T. Oden. A discontinuous hp finite element method for diffusion problems:1-d analysis. Comput. Math. Appl., 37(9):103–122, 1999.

[5] I. Babuška and M. Suri. The h-p version of the finite element method with quasiuniform meshes. Math. Mod. Numer. Anal., 21:199–238, 1987.

[6] G.A. Baker. Finite element methods for elliptic equations using nonconforming elements. Math. Comp., 31:45–59, 1977.

[7] F. Bassi and S. Rebay. High order accurate discontinuous finite element method for the numerical solution of the Navier-Stokes equations. J. Comput. Phys., 131:267–279, 1997.

[8] S.C. Brenner and L.R. Scott. The Mathematical Theory of Finite Element Methods.

Springer-Verlag, Berlin, 1994.

[9] B. Cockburn, K.E. Karniadakis, and C.-W. Shu, editors. Discontinuous Galerkin Methods: Theory, Computation, and Applications, volume 11 of Lecture Notes in Computational Science and Engineering. Springer Verlag, 2000. Papers from the 1st International Symposium held in Newport, RI, May 24–26, 1999.

[10] J. Douglas and T. Dupont. Interior penalty processes for elliptic and parabolic Galerkin methods. In Lecture Notes in Physics, volume 58, pages 207–216. 1976.

[11] V. Girault and P.-A. Raviart. Finite Element Methods for Navier-Stokes Equations Theory and Algorithms. Springer-Verlag, 1986.

[12] T.J.R. Hughes, G. Engel, L. Mazzei, and M.G. Larson. A comparision of discontinuous and continuous Galerkin methods based on error estimates, conservation, robustness, and efficiency. In Proceedings of International Symposium on Discontinuous Galerkin Methods, volume 11 of Lectures in Computational Sciences and Engineering. Springer, 1999.

[13] M.G. Larson and A.J. Niklasson. Analysis of a family of discountinuous Galerkin methods for elliptic problems: the one dimensional case. Preprint 12, Chalmers Finite Element Center, Chalmers University of Technology, Sweden, 2001.

[14] L.S.D. Morley. The triangular equilibrium element in the solution of plate bending problems. Aero. Quart., 19:149–169, 1968.

[15] J. Nitsche. Über ein Variationzprinzip zur Lösung von Dirichlet Problemen bei Verwendung von Teilräumen. Abh. Math. Sem. Univ. Hamburg, 36(9), 1971.

[16] J.T. Oden, I. Babuška, and C.E. Baumann. A discontinuous hp finite element method for diffusion problems. J. Comput. Phys., 146:491–519, 1998.

[17] B. Rivière, M.F. Wheeler, and V. Girault. Improved energy estimates for interior penalty, constrained and discontinuous Galerkin methods for elliptic problems I. Comput. Geosci., 3(3-4):337–360, 2000.

[18] B. Rivière, M.F. Wheeler, and V. Girault. A priori error estimates for finite element methods based on discontinuous approximation spaces for elliptic problems. SIAM J. Numer. Anal., 39(3):902–931 (electronic), 2001.

[19] V. Thomée. Galerkin Finite Element Methods for Parabolic Problems. Springer-Verlag, Berlin, 1997.

[20] M.F. Wheeler. An elliptic collocation-finite element method with interior penalties.

SIAM J. Numer. Anal., 15(152), 1978.

Chalmers Finite Element Center Preprints

2000–01 Adaptive finite element methods for the unsteady Maxwell’s equations

Johan Hoffman

2000–02 A multi-adaptive ODE-solver

Anders Logg

2000–03 Multi-adaptive error control for ODEs

Anders Logg

2000–04 Dynamic computational subgrid modeling (Licentiate Thesis)

Johan Hoffman

2000–05 Least-squares finite element methods for electromagnetic applications (Licenti-

ate Thesis) Rickard Bergström

2000–06 Discontinuous galerkin methods for incompressible and nearly incompressible

elasticity by Nitsche’s method Peter Hansbo and Mats G. Larson

2000–07 A discountinuous Galerkin method for the plate equation

Peter Hansbo and Mats G. Larson

2000–08 Conservation properties for the continuous and discontinuous Galerkin methods

Mats G. Larson and A. Jonas Niklasson

2000–09 Discontinuous Galerkin and the Crouzeix-Raviart element: application to elas-

ticity Peter Hansbo and Mats G. Larson

2000–10 Pointwise a posteriori error analysis for an adaptive penalty finite element

method for the obstacle problem Donald A. French, Stig Larson and Ricardo H. Nochetto

2000–11 Global and localised a posteriori error analysis in the maximum norm for finite

element approximations of a convection-diffusion Problem Mats Boman

2000–12 A posteriori error analysis in the maximum norm for a penalty finite element

method for the time-dependent obstacle problem Mats Boman

2000–13 A posteriori error analysis in the maximum norm for finite element approxi-

mations of a time-dependent convection-diffusion problem Mats Boman

2001–01 A simple nonconforming bilinear element for the elasticity problem

Peter Hansbo and Mats G. Larson

2001–02 The LL^∗ finite element method and multigrid for the magnetostatic problem

Rickard Bergström, Mats G. Larson, and Klas Samuelsson

2001–03 The Fokker-Planck operator as an asymptotic limit in anisotropic media

Mohammad Asadzadeh

2001–04 A posteriori error estimation of functionals in elliptic problems: experiments

Mats G. Larson and A. Jonas Niklasson

2001–05 A note on energy conservation for Hamiltonian systems using continuous time

finite elements Peter Hansbo

2001–06 Stationary level set method for modelling sharp interfaces in groundwater flow

Nahidh Sharif and Nils-Erik Wiberg

2001–07 Integration methods for the calculation of the magnetostatic field due to coils

Marzia Fontana

2001–08 Adaptive finite element computation of 3D magnetostatic problems in potential

formulation Marzia Fontana

2001–09 Multi-adaptive galerkin methods for ODEs I: theory & algorithms

Anders Logg

2001–10 Multi-adaptive galerkin methods for ODEs II: applications

Anders Logg

2001–11 Energy norm a posteriori error estimation for discontinuous Galerkin methods

Roland Becker, Peter Hansbo, and Mats G. Larson

2001–12 Analysis of a family of discontinuous Galerkin methods for elliptic problems:

the one dimensional case Mats G. Larson and A. Jonas Niklasson

2001–13 Analysis of a nonsymmetric discontinuous Galerkin method for elliptic prob-

lems: stability and energy error estimates Mats G. Larson and A. Jonas Niklasson

2001–14 A hybrid method for the wave equation

Larisa Beilina, Klas Samuelsson and Krister Åhlander

2001–15 A finite element method for domain decomposition with non-matching grids

Roland Becker, Peter Hansbo and Rolf Stenberg

2001–16 Application of stable FEM-FDTD hybrid to scattering problems

Thomas Rylander and Anders Bondeson

2001–17 Eddy current computations using adaptive grids and edge elements

Y. Q. Liu, A. Bondeson, R. Bergström, C. Johnson, M. G. Larson, and K. Samuelsson

2001–18 Adaptive finite element methods for incompressible fluid flow

Johan Hoffman and Claes Johnson

2001–19 Dynamic subgrid modeling for time dependent convection–diffusion–reaction

equations with fractal solutions Johan Hoffman

2001–20 Topics in adaptive computational methods for differential equations

Claes Johnson, Johan Hoffman and Anders Logg

2001–21 An unfitted finite element method for elliptic interface problems

Anita Hansbo and Peter Hansbo

2001–22 A P^2–continuous, P^1–discontinuous finite element method for the Mindlin-

Reissner plate model Peter Hansbo and Mats G. Larson

These preprints can be obtained from

www.phi.chalmers.se/preprints