FINITE ELEMENT CENTER

PREPRINT 2002Ű01

Approximation of time derivatives for parabolic equations in Banach space: constant time steps

Yubin Yan

Chalmers Finite Element Center CHALMERS UNIVERSITY OF TECHNOLOGY Gĺoteborg Sweden 2002

CHALMERS FINITE ELEMENT CENTER

Preprint 2002Ű01

Approximation of time derivatives for parabolic equations in Banach space: constant time steps

Yubin Yan

Chalmers Finite Element Center Chalmers University of Technology SEŰ412 96 Gĺoteborg Sweden Gĺoteborg, February 2002

Approximation of time derivatives for parabolic equations in Banach space: constant time steps Yubin Yan NO 2002Ű01 ISSN 1404Ű4382

Chalmers Finite Element Center Chalmers University of Technology SEŰ412 96 Gĺoteborg Sweden Telephone: +46 (0)31 772 1000 Fax: +46 (0)31 772 3595

www.phi.chalmers.se

Printed in Sweden Chalmers University of Technology Gĺoteborg, Sweden 2002

APPROXIMATION OF TIME DERIVATIVES FOR PARABOLIC EQUATIONS IN BANACH SPACE: CONSTANT TIME STEPS

YUBIN YAN

Abstract. We study smoothing properties and approximation of time derivatives for time discretization schemes with constant time steps for a homogeneous parabolic problem formulated as an abstract initial value problem in a Banach space. The time stepping schemes are based on using rational functions r(z) ≈ e^{−z} which are A(θ)-stable for suitable θ ∈ [0, π/2] and satisfy |r(∞)| < 1, and the approximations of time derivatives are based on using difference quotients in time. Both smooth and nonsmooth data error estimates of optimal order for the approximation of time derivatives are proved. Further, we apply the results to obtain error estimates of time derivatives in the supremum norm for fully discrete methods based on discretizing the spatial variable by a finite element method.

1. Introduction

In this paper, we consider single step time stepping methods for the following homogeneous linear parabolic problem

u_t + Au = 0 for t > 0, with u(0) = v,

(1.1.1)

in a Banach space B. We first study the smoothing properties of the time stepping methods, then we consider approximations of time derivatives based on difference quotients of the approximate solutions of (1.1.1). Both smooth and nonsmooth data error estimates of the approximations of time derivatives are obtained. As an application we show error estimates in the supremum norm for fully discrete methods based on finite element methods in a spatial domain Ω ⊂ R^2.

We assume that A is a closed, densely defined, linear operator defined in D(A) ⊂ B, that the resolvent set ρ(A) of A is such that, for some δ ∈ (0, π/2), ρ(A) ⊃ Σ_δ = {z ∈ C : δ ≤ | arg z| ≤ π, z ≠ 0} ∪ {0}, (1.1.2)

and that the resolvent, R(z; A) = (zI − A)^{−1}, satisfies ‖R(z; A)‖ ≤ M|z|^{−1}, for z ∈ Σ_δ, z ≠ 0, with M ≥ 1. (1.1.3)

Throughout this paper ‖ · ‖ denotes both the norm in B and the norm of bounded linear operators on B.

Date: February 21, 2002.

Key words and phrases. Banach space, parabolic, smoothing, time derivative, single step time stepping methods, fully discrete schemes, error estimates, finite element methods.

Yubin Yan, Department of Mathematics, Chalmers University of Technology, SE–412 96 Göteborg, Sweden email: yubin@math.chalmers.se . 1

2 YUBIN YAN

We assume that 0 ∈ ρ(A) for simplicity, but this is not essential. In the case of 0 /∈ ρ(A) we can add a multiple δ^′u of u to (1.1.1), thus replacing the operator A by A + δ^′I for some positive number δ^′ > 0.

Under these assumptions −A is the infinitesimal generator of a uniformly bounded analytic semigroup E(t) = e^{−tA}, t ≥ 0, which is the solution operator of (1.1.1), so that u(t) = E(t)v. It may be represented as E(t) = 1 2πi ∫ Γ e^{−zt}R(z; A) dz, where Γ = { z : | arg z| = ψ} with ψ ∈ ( δ, π/2 ) and Imz decreasing along Γ. In particular the smoothing properties of analytic semigroups are valid, see, e.g., Pazy [13]. More precisely, we have ‖D^j_t E(t)v‖ = ‖A^jE(t)v‖ ≤ C_jt^{−j}‖v‖, for t > 0, v ∈ B, (1.1.4)

which shows that the solution is regular for positive time even if the initial data are not.

Let U^n be an approximation of the solution u(t_n) = E(t_n)v of (1.1.1) at time t_n = nk, where k is the time step, defined by a single step method,

U^n = E_kU^{n−1} for n ≥ 1, with U^0 = v,

(1.1.5)

where E_k = r(kA), and where the rational function r(z) has no poles on σ(kA). We may thus write U^n = E^n_k v.

We say that the time discretization scheme is accurate of order p, with p ≥ 1, if r(z) − e^{−z} = O(z^{p+1}), as z → 0. (1.1.6)

For example, the backward Euler method, given by r(z) = 1/(1 + z), is first order accurate and the Crank-Nicolson method, defined by r(z) = (1 −^1_2 z)/(1 +^1_2 z), is second order. As another example, the method defined by the (q, q + 1) subdiagonal Padé approximation r(z) = p_1(z)/p_2(z), where p_1 and p_2 are certain polynomials of degrees q and q + 1, respectively, is accurate of order 2q + 1.

Stability and error estimates for single step methods have been studied by many authors, see, e.g., Bakaev [2], [3], Palencia [11], [12], Thomée [16] and references therein. For instance, if A satisfies (1.1.2) and (1.1.3), and r(z) is A(θ)-stable with θ ∈ (δ, π/2], i.e., |r(z)| ≤ 1 for | arg z| ≤ θ, and (1.1.6) holds, then we have ‖U^n − u(t_n)‖ = ‖E^n_k v − E(t_n)v‖ ≤ Ck^p‖A^pv‖, for v ∈ D(A^p), (1.1.7)

see, e.g., Larsson, Thomée, and Wahlbin [9] and Crouzeix, Larsson, Piskarev, and Thomée [7]. Due to the assumption v ∈ D(A^p), we refer to this as a smooth data error estimate.

To obtain optimal order error estimates for nonsmooth initial data, the A(θ)-stability of the scheme is not sufficient. However, if we require in addition that |r(∞)| < 1, then the following nonsmooth data result is valid: ‖U^n − u(t_n)‖ = ‖E^n_k v − E(t_n)v‖ ≤ Ck^pt^{−p}_n ‖v‖, for t_n > 0, v ∈ B, (1.1.8)

APPROXIMATION OF TIME DERIVATIVES 3

see, e.g., Larsson, Thomée, and Wahlbin [9] and Crouzeix, Larsson, Piskarev, and Thomée [7]. The condition |r(∞)| < 1 ensures that oscillating components of the error are efficiently damped.

Let us recall some results about the smoothing properties of the time discretization schemes (1.1.5). When B is a Hilbert space H and A a linear, selfadjoint, positive definite, unbounded operator, the following smoothing property holds for A(0)-stable time discretization schemes with r(∞) = 0: ‖A^jU^n‖ = ‖A^jE^n_k v‖ ≤ C_jt^{−j}_n ‖v‖, for t_n ≥ t_j, v ∈ H, (1.1.9)

see, e.g., Thomée [16, Lemma 7.3]. Hansbo [8] extends this result to Banach space, and shows that, if A satisfies (1.1.2) and (1.1.3), and r(z) is A(θ)-stable with θ ∈ (δ,^1_2 π] and r(∞) = 0, then (1.1.9) holds. Hansbo [8] also shows an optimal order error estimate in the nonsmooth data case for the approximation (−A)U^n ≈ (−A)u(t_n) = u_t(t_n) of the first order time derivative of the solution of (1.1.1). More precisely, if r(z) is A(θ)-stable with θ ∈ (δ,^1_2 π] and r(∞) = 0, then ‖(−A)U^n − u_t(t_n)‖ ≤ Ck^pt^{−p−1}_n ‖v‖, for t_n > 0, v ∈ B. (1.1.10)

However, we observe in Section 2 below that the smoothing property (1.1.9) is not valid when r(∞) ≠ 0. Therefore it is natural to investigate the smoothing properties of (1.1.5) when r(∞) ≠ 0. If |r(∞)| = 1, the discrete method (1.1.5) is not smoothing. However, if such a method of order p ≥ 2 is combined with a few steps of a smoothing method of order p − 1, then we have nonsmooth data error estimate of order p. For instance, if one uses the Crank-Nicolson method combined with two steps of the backward Euler method, then a second order nonsmooth data error estimate holds. This analysis is carried out in Hilbert space by Luskin and Rannacher [10] and Rannacher [14]. Hansbo [8] extends the results to Banach space.

In the present paper we consider the case |r(∞)| < 1. For fixed j ≥ 1 we introduce the finite difference quotient,

Q^j_kU^n = 1 k^j m2∑ ν=−m1 c_νU^{n+ν} , for n ≥ m_1,

(1.1.11)

where m_1, m_2 are nonnegative integers, and c_ν are real numbers, such that the operator Q^j_k is an approximation of order p ≥ 1 to D^j_t , that is, for any smooth real-valued function u, D^j_t u(t_n) = Q^j_ku^n + O(k^p), as k → 0, with u^n = u(t_n).

(1.1.12)

As an example with j = 1, m_1 = 1, m_2 = 0, p = 1, we have

D_tu(t_n) = 1 k (−u^{n−1} + u^n) + O(k), as k → 0.

As an example with j = 2, m_1 = 1, m_2 = 1, p = 2, we have

D^2_t u(t_n) = 1 k^2

(u^{n−1} − 2u^n + u^{n+1}) + O(k^2), as k → 0.

4 YUBIN YAN

In Theorem 2.5, we show that, if A satisfies (1.1.2) and (1.1.3), and r(z) is A(θ)-stable with θ ∈ (δ, π/2], and |r(∞)| < 1, then the following smoothing property holds: ‖Q^j_kU^n‖ ≤ Ct^{−j}_n ‖v‖, for n ≥ m_1, t_n > 0, v ∈ B. (1.1.13)

Now let us turn to error estimates for approximations of time derivatives of the form (1.1.11). We show, in Theorem 2.1, the following smooth data error estimate for an A(θ)- stable discretization scheme: ‖Q^j_kU^n − D^j_t u(t_n)‖ ≤ Ck^p‖A^{p+j}v‖, for n ≥ m_1, v ∈ D(A^{p+j}). (1.1.14)

To obtain an optimal order error estimate for nonsmooth data, the A(θ)-stability is not suffient. Baker, Bramble, and Thomée [5] shows the following nonsmooth data error estimate in Hilbert space H by using a spectral argument: if |r(λ)| ≤ 1 for λ ≥ 0, and |r(∞)| < 1, then ‖Q^j_kU^n − D^j_t u(t_n)‖ ≤ Ck^pt^{−(p+j)}_n ‖v‖, for n ≥ m_1, t_n > 0, v ∈ H. (1.1.15)

We extend in Theorem 2.6 this result to Banach space, that is, (1.1.15) also holds under the assumptions of Theorem 2.5.

The above results are proved under the assumption that the time step is constant. Some results for variable steps are presented in Yan [18].

Let us now discuss some properties of the coefficients c_ν in (1.1.11). With u(t) = e^t in (1.1.12) we have at t_n = 0

k^j = P (e^k) + O(k^{p+j}), as k → 0, where P (x) = m2∑ ν=−m1 c_νx^ν. (1.1.16)

Using Taylor expansion of e^{νk} at k = 0, we therefore easily find that (1.1.12) is equivalent to P (e^z) − z^j = O(z^{p+j}), as z → 0,

(1.1.17)

where z is allowed to be complex-valued. For later use we note that (1.1.11) has the form Q^j_kU^n = k^{−j}P (E_k)E^n_k v. (1.1.18)

The paper is organized as follows. In Section 2, we show the smoothing properties of the abstract time stepping method, and give the optimal order error estimates of the approximation of the time derivatives for both smooth and nonsmooth data. In Section 3, we apply the results obtained in Section 2 to a fully discrete scheme. In Section 4, we give some numerical examples to illustrate our theoretical results.

By C and c we denote positive constants independent of the functions and parameters concerned, but not necessarily the same at different occurrences. When necessary for clarity we distinguish constants by subscripts.

APPROXIMATION OF TIME DERIVATIVES 5

2. Smoothing Properties and Error Estimates

In this section, we discuss smoothing properties of time stepping methods in the general Banach space situation and show smooth and nonsmooth data error estimates for the approximation Q^j_kU^n of D^j_t u(t_n) in the case of constant time steps, where U^n is defined by (1.1.5), u(t_n) is the solution of (1.1.1), and Q^j_k is defined by (1.1.11).

We first show that (1.1.9) is not valid for a scheme with r(∞) ≠ 0. In fact, if B is a separable Hilbert space H and A is a linear, selfadjoint, positive definite, unbounded operator, we have, by spectral representation, t_n‖AE^n_k ‖ = t_n‖Ar(kA)^n‖ = sup_{λ∈σ(kA)} |nλr(λ)^n| = ∞, for fixed n ≥ 1, which implies that (1.1.9) does not hold for j = 1. Similar arguments work for any j > 1.

As an example of a scheme with r(∞) ≠ 0, we consider the θ-method: r(λ) = 1 − (1 − θ)λ 1 + θλ , with 1 2 < θ < 1. (2.2.1)

Here we have |r(λ)| < 1 for λ > 0, and r(∞) = (θ − 1)/θ ≠ 0. It is easy to check that r(λ) is accurate of order p = 1.

Another example is the so called Calahan scheme defined by

r(λ) = 1 − λ 1 + bλ − √ 3 6 ( λ 1 + bλ )_2

, with b = 1 2 ( 1 + √ 3 3 ) . (2.2.2)

One can show that |r(λ)| < 1 for λ > 0, since r(λ) is a decreasing function on (0, ∞) and

r(∞) = 1 − 1 b − √ 3 6 1 b^2

= 1 − √ 3 > −1. A simple calculation shows that this scheme is accurate of order p = 3.

Before we study the smoothing properties of the discrete method (1.1.5), we will show an error estimate for the approximation (1.1.11) of the time derivative D^j_t u(t_n) in the case that the initial data, and hence the solution of (1.1.1), are smooth. Recall the error estimate (1.1.7), which shows that for v ∈ D(A^p), the error U^n − u(t_n) has the optimal order of accuracy. Similarly we find in the following theorem that if v ∈ D(A^{p+j}), then the error estimate for the approximation of D^j_t u(t_n) has the optimal order of accuracy.

Theorem 2.1. Let u(t_n) and U^n be the solutions of (1.1.1) and (1.1.5). Assume that A satisfies (1.1.2) and (1.1.3), and that r(z) is accurate of order p ≥ 1 and A(θ)-stable with θ ∈ (δ, π/2]. Let j ≥ 1 and assume that Q^j_k, defined in (1.1.11), is an approximation of D^j_t , which is accurate of order p. Then there is a constant C such that ‖Q^j_kU^n − D^j_t u(t_n)‖ ≤ Ck^p‖A^{p+j}v‖, for n ≥ m_1, v ∈ D(A^{p+j}). To prove this theorem we need the following lemmas, which we quote from Thomée [16, Lemmas 8.1, 8.3].

6 YUBIN YAN

Lemma 2.2. Assume that (1.1.2) and (1.1.3) hold and let r(z) be a rational function which is bounded for | arg z| ≤ ψ, |z| ≥ ϵ > 0, where ψ ∈ (δ, π/2), and for |z| ≥ R with some positive number R. If ϵ > 0 is so small that {z : |z| ≤ ϵ} ⊂ ρ(A), then we have r(A) = r(∞)I + 1 2πi ∫ γϵ∪Γ^R_ϵ ∪γ^R r(z)R(z; A) dz, where γ_ϵ = {z : |z| = ϵ, | arg z| ≤ ψ}, Γ^R_ϵ = {z : | arg z| = ψ, ϵ ≤ |z| ≤ R}, and γ^R = {z : |z| = R, ψ ≤ | arg z| ≤ π}, and with the closed path of integration oriented in the negative (clock-wise) sense.

Lemma 2.3. Assume that (1.1.2) and (1.1.3) hold, let ψ ∈ (δ, π/2), and j be any integer. Then we have for ϵ > 0 sufficiently small A^jE(t) = 1 2πi ∫ γϵ∪Γϵ e^{−zt}z^jR(z; A) dz, where γ_ϵ = {z : |z| = ϵ, | arg z| ≤ ψ} and Γ_ϵ = {z : | arg z| = ψ, |z| ≥ ϵ}, and where Imz is decreasing along γ_ϵ ∪ Γ_ϵ. When j ≥ 0, we may take ϵ = 0. Proof of Theorem 2.1. We have Q^j_kU^n − D^j_t u(t_n) = k^{−j} ( P (r(kA))r(kA)^n − (−kA)^je^{−nkA} ) , where P (x) is defined by (1.1.16). With G_n(z) = P (r(z))r(z)^n − (−z)^je^{−nz}, (2.2.3) our result will follow from ‖G_n(kA)(kA)^{−(p+j)}‖ ≤ C. Note that with A also kA satisfies (1.1.2) and (1.1.3) since, for z ∈ Σ_δ, ‖R(z; kA)‖ = ‖k^{−1}(zk^{−1}I − A)^{−1}‖ ≤ k^{−1}M|zk^{−1}|^{−1} = M|z|^{−1}. Therefore it suffices to show ‖G_n(A)A^{−(p+j)}‖ ≤ C, (2.2.4) which we will prove now. Let r̄(z) = P (r(z))r(z)^nz^{−(p+j)}. Since n ≥ m_1 and r(z) is A(θ)- stable, we find that r̄(z) is bounded for | arg z| ≤ ψ, |z| ≥ ϵ > 0, with some ψ ∈ (δ, θ). Further r̄(z) is also bounded for |z| ≥ R with R sufficiently large since r̄(∞) = 0. Thus, applying Lemma 2.2 to the rational function r̄(z) = P (r(z))r(z)^nz^{−(p+j)}, we have P (r(A))r(A)^nA^{−(p+j)} = 1 2πi ∫ γϵ∪Γ^R_ϵ ∪γ^R P (r(z))r(z)^nz^{−(p+j)}R(z; A) dz. Since the integrand is of order O(|z|^{−p−j−1}) for large z, we may let R tend to ∞. Using also Lemma 2.3 we conclude G_n(A)A^{−(p+j)} = 1 2πi ∫ γϵ∪Γϵ G_n(z)z^{−(p+j)}R(z; A) dz. (2.2.5)

APPROXIMATION OF TIME DERIVATIVES 7

We shall show that G_n(z) = O(z^{p+j}), as z → 0, with | arg z| ≤ ψ.

(2.2.6) Assuming this and combining this with the fact that 0 ∈ ρ(A), we have that the integrand in (2.2.5) is bounded on the small domain with boundary γ_ϵ ∪Γ^ϵ_0, so that we may let ϵ → 0. It follows that G_n(A)A^{−(p+j)} = 1 2πi ∫ Γ G_n(z)z^{−(p+j)}R(z; A) dz, where Γ = {z : | arg z| = ψ}. We now estimate the above integral. Again using (2.2.6) and the fact that 0 ∈ ρ(A), we find, for η small enough, ‖G_n(z)R(z; A)‖ ≤ C|z|^{p+j}, for |z| ≤ η, | arg z| = ψ. Further, noting that P (r(z))r(z)^n is bounded on Γ, since n ≥ m_1 and r(z) is A(θ)-stable, we have, using (1.1.3) and (2.2.3) as well as the boundedness of e^{−nz} on Γ, ‖G_n(z)R(z; A)‖ ≤ M(C + |z|^j)|z|^{−1}, for |z| ≥ η, | arg z| = ψ. Thus ‖G_n(A)A^{−(p+j)}‖ ≤ C ∫_η 0 ρ^{p+j}ρ^{−(p+j)} dρ + M ∫_∞ η (C + ρ^j)ρ^{−(p+j+1)} dρ ≤ C. It remains to prove (2.2.6). Since r(z) = e^{−z} + O(z^2) as z → 0, we have that, for η̃ > 0 small enough, |r(z)| ≤ e^{−c|z|}, for |z| ≤ η̃, | arg z| ≤ ψ, with 0 < c < 1. (2.2.7) Thus, using also (1.1.6), |r(z)^n − e^{−nz}| = | | |(r(z) − e^{−z}) n−1∑ j=0 r(z)^{n−1−j}e^{−jz} | | | (2.2.8) ≤ Cn|z|^{p+1}e^{−c(n−1)|z|} ≤ C|z|^p, for |z| ≤ η̃, | arg z| ≤ ψ. Further, with η̃ possibly further restricted, |P (r(z)) − (−z)^j| ≤ C|z|^{p+j}, for |z| ≤ η̃. (2.2.9) In fact, by Taylor’s formula, we have P (r(z)) − P (e^{−z}) = j−1∑ l=1 P^{(l)}(e^{−z}) l! (r(z) − e^{−z})^l

+ (r(z) − e^{−z})^j ∫_1 0 (1 − s)^{j−1} (j − 1)! P^{(j)}(r(z) + s(r(z) − e^{−z})) ds. Since P (e^{−z}) is an analytic function of z and P (e^{−z}) = O(z^j) as z → 0 by (1.1.17), we have P^{(l)}(e^{−z}) = O(z^{j−l}), 0 ≤ l ≤ j as z → 0. Moreover, since r(z) → 1, e^{−z} → 1 as z → 0, it is easy to see that there exist constants c_1 > 0, c_2 > 0 and small η̃ such that c_1 ≤ |r(z) + s(r(z) − e^{−z})| ≤ c_2 for |z| ≤ η̃, 0 ≤ s ≤ 1, which implies that |P^{(j)}(r(z) +

8 YUBIN YAN

s(r(z) − e^{−z}))| ≤ C for |z| ≤ η̃, 0 ≤ s ≤ 1, since P (x) has the form P (x) = ∑_{m2} ν=−m1 cνx ν . Thus, using also (1.1.6) we get |P (r(z)) − P (e^{−z})| = j−1∑ l=1 O(z^{j−l})O(z^{l(p+1)}) + O(z^{j(p+1)}) = O(z^{p+j}), as z → 0.

Combining this with (1.1.17) shows (2.2.9).

Thus, by (2.2.8) and (2.2.9), |G_n(z)| = | |(P (r(z)) − (−z)_j)r(z)_n + (−z)_j(r(z)_n − e_{−nz}) | | ≤ C|z|^{p+j}, for |z| ≤ η̃, | arg z| ≤ ψ, which is (2.2.6).

We next prove a smoothing property for A(θ)-stable discretization schemes with |r(∞)| < 1. Before doing this, we show that Q^j_kU^n defined by (1.1.11) can be expressed as a linear combination of the backward difference quotients ¯∂^j U^{n+μ} for some integers μ. Lemma 2.4. Let j ≥ 1 and Q^j_kU^n be defined by (1.1.11). Then there exist constants α_μ, −m_1 + j ≤ μ ≤ m_2, such that

Q^j_kU^n = m2∑ μ=−m1+j α_μ ¯∂^jU^{n+μ}, where ¯∂U^n = (U^n − U^{n−1})/k.

Proof. With P (x) = ∑_{m2} ν=−m1 cνx ν , we have

k^jQ^j_kU^n = m2∑ ν=−m1 c_νE^ν_k U^n = P (E_k)U^n, where E_k = r(kA),

i.e., the difference operator is associated with the rational function P (x). Similarly the operator k^j ¯∂^jU^{n+μ} corresponds to the rational function P̃ (x) = x^μ(1 − x^{−1})^j, since k^j ¯∂^jU^{n+μ} = (1 − E^{−1}_k )^jE^{n+μ}_k v = (I − E^{−1}_k )^jE^μ_k U^n = P̃ (E_k)U^n.

Thus we only need to show that there exist α_μ such that

P (x) = m2∑ μ=−m1+j α_μP̃ (x) = (1 − x^{−1})^j m2∑ μ=−m1+j α_μx^μ. (2.2.10)

But by (1.1.17) we find P^{(l)}(1) = 0 for 0 ≤ l ≤ j − 1, which implies that P (x), and hence x^{m1} P (x) contains the factor (x − 1)^j, that is, there exists a polynomial P̄ (x) of degree m_1 + m_2 − j such that x^{m1} P (x) = (x − 1)^jP̄ (x). Denoting P̄ (x) = ∑_{m1+m2−j} k=0 β_kx^k for some constants β_k, we get that there exist constants α_μ such that

x^{m1} P (x) = (x − 1)^j m1+m2−j ∑ k=0 β_kx^k = (x − 1)^j m2∑ μ=−m1+j α_μx^{μ+m1−j}, which shows (2.2.10).

APPROXIMATION OF TIME DERIVATIVES 9

Theorem 2.5. Let U^n be the solution of (1.1.5). Assume that (1.1.2) and (1.1.3) hold, and r(z) is accurate of order p ≥ 1 and A(θ)-stable with θ ∈ (δ, π/2], and |r(∞)| < 1. Let j ≥ 1 and assume that Q^j_k, defined in (1.1.11), is an approximation of D^j_t , which is accurate of order p. Then there is a constant C such that ‖Q^j_kU^n‖ ≤ Ct^{−j}_n ‖v‖, for n ≥ m_1, t_n > 0, v ∈ B. Proof. By Lemma 2.4, it suffices to show ‖ ¯∂^jU^n‖ ≤ Ct^{−j}_n ‖v‖, for n ≥ j. (2.2.11) In fact, this implies, for n ≥ m_1, t_n > 0, ‖Q^j_kU^n‖ = ‖ ‖ ‖ m2∑ μ=−m1+j α_μ ¯∂^jU^{n+μ} ‖ ‖ ‖ ≤ C m2∑ μ=−m1+j t^{−j}_{n+μ}‖v‖ ≤ Ct^{−j}_{n−m1+j}‖v‖ ≤ Ct^{−j}_n ‖v‖. We know show (2.2.11). Noting that ¯∂^j U^n = k^{−j}P̃ (E_k)E^n_k v for P̃ (x) = (1 − x^{−1})^j = x^{−j}(x − 1)^j, we need to show ‖P̃ (r(A))r(A)^n‖ = ‖r(A)^{n−j}(r(A) − 1)^j‖ ≤ Cn^{−j}, for n ≥ j. As in the proof of Theorem 2.1 this then also holds with A replaced by kA, and thus shows (2.2.11).

Since n ≥ j and r(z) is A(θ)-stable with θ ∈ (δ, π/2] and |r(∞)| < 1, which implies that r(z)^{n−j}(r(z) − 1)^j is bounded for | arg z| ≤ ψ, |z| ≥ ϵ with some ψ ∈ (δ, θ) and arbitrary ϵ > 0, and also bounded for |z| ≥ R with R sufficiently large, we therefore have, by Lemma 2.2, r(A)^{n−j}(r(A) − 1)^j =r(∞)^{n−j}(r(∞) − 1)^jI + 1 2πi ∫ γϵ∪Γ^R_ϵ ∪γ^R r(z)^{n−j}(r(z) − 1)^jR(z; A) dz. By |r(∞)| < 1, we have, for fixed R ≥ 1 large enough, |r(z)| ≤ e^{−c}, for |z| ≥ R. (2.2.12) Clearly then |r(∞)| ≤ e^{−c}, so that |r(∞)^{n−j}(r(∞) − 1)^j| ≤ Ce^{−cn} ≤ Cn^{−j}, for n ≥ 1. To bound the integrals over the three components of the path of integration, we have, by (2.2.12), ‖ ‖ ‖ 1 2πi ∫ γ^R r(z)^{n−j}(r(z) − 1)^jR(z; A) dz ‖ ‖ ‖ ≤ Ce^{−cn} ∫ γ^R |dz| |z| ≤ Cn^{−j}, for n ≥ 1. For the other two components of the path of integration, since r(z) is A(θ)-stable and 0 ∈ ρ(A) and accurate of order p ≥ 1, which imply that the integrand is bounded on the small domain with boundary γ_ϵ ∪ Γ^ϵ_0, we may let ϵ tend to 0. Thus it suffices to bound the integral over Γ^R_0 . But by A(θ)-stability and the maximum-principle we have |r(z)| < 1 for

10 YUBIN YAN

| arg z| < θ, z ≠ 0. In particular, |r(z)| < 1 on the compact set {z : η̃ ≤ |z| ≤ R, | arg z| ≤ ψ}, which means that the inequality (2.2.7) also holds for |z| ≤ R, | arg z| ≤ ψ with c sufficiently small. Thus, we have, noting that r(z) − 1 = O(z) as z → 0, ‖ ‖ ‖ 1 2πi ∫ Γ^R0 r(z)^{n−j}(r(z) − 1)^jR(z; A) dz ‖ ‖ ‖ ≤ C ∫_R 0 e^{−cnρ}ρ^{j−1} dρ ≤ Cn^{−j}. Together these estimates complete the proof.

We remark that if |r(∞)| = 1 with r(∞) ≠ 1, then the conclusion of Theorem 2.5 is not valid. For example, let us consider the Crank-Nicolson scheme, with r(∞) = −1. Assume that A is a linear selfadjoint, positive definite, unbounded operator with compact inverse in Hilbert space H, and A has eigenvalues {λ_j}^∞_{j=1} and a corresponding basis of orthonormal eigenvectors {φ_j}^∞_{j=1}. Then, with v = φ_j, we have, noting that r(∞) = −1, t_n‖ ¯∂U^n‖ = n‖r(kA)^{n−1}(r(kA) − 1)v‖ = n|r(kλ_j)^{n−1}(r(kλ_j) − 1)| → 2n, as j → ∞, which implies that there does not exist a constant C such that t_n‖ ¯∂U^n‖ ≤ C‖v‖, for n ≥ 1, v ∈ H. However, if r(∞) = 1, then the conclusion of Theorem 2.5 holds in special cases: Let us consider the (2, 2) Padé scheme, r(λ) = 1 −^1_2 λ +^1_{12} λ^2 1 +^1_2 λ +^1_{12} λ^2

, where r(∞) = 1.

(2.2.13)

We show that in this case t_n‖ ¯∂U^n‖ ≤ C‖v‖. In fact, for this it suffices to show |nr(λ)^{n−1}(r(λ) − 1)| ≤ C, for λ > 0. (2.2.14)

For small λ this follows directly from the fact that |r(λ)| ≤ e^{−cλ}, |r(λ) − 1| ≤ Cλ for 0 ≤ λ ≤ λ_0 and it remains to consider large λ. Noting that |r(λ)| ≤ e^{−cλ}�^1 with some constant c and |r(λ) − 1| ≤ Cλ^{−1} for λ > λ_0, see, e.g., Thomée [16, Lemma 8.2], we have |nr(λ)^{n−1}(r(λ) − 1)| ≤ C(nλ^{−1})e^{−c(n−1)λ}�^1 ≤ C, which shows (2.2.14).

Our next result is an error estimate in the nonsmooth data case. The estimate has optimal order of accuracy for t_n bounded away from zero, but contains a negative power of t_n. Comparing with the error estimate (1.1.8), we find that t^{−p}_n is replaced by t^{−p−j}_n in our theorem. The proof in the Hilbert space case can be found in Baker, Bramble, and Thomée [5]. Here we extend the result to Banach space.

Theorem 2.6. Let u(t_n) and U^n be the solutions of (1.1.1) and (1.1.5). Assume that (1.1.2) and (1.1.3) hold, and r(z) is accurate of order p ≥ 1 and A(θ)-stable with θ ∈ (δ, π/2], and |r(∞)| < 1. Let j ≥ 1 and assume that Q^j_k, defined in (1.1.11), is an approximation of D^j_t , which is accurate of order p. Then there is a constant C such that ‖Q^j_kU^n − D^j_t u(t_n)‖ ≤ Ck^pt^{−(p+j)}_n ‖v‖, for n ≥ m_1, t_n > 0, v ∈ B.

APPROXIMATION OF TIME DERIVATIVES 11

To prove this theorem, we need the following lemma, which we quote from Thomée [16, Lemma 8.5].

Lemma 2.7. Assume that the rational function r(z) is A(θ)-stable with θ ≤ π/2, and that |r(∞)| < 1. Then for any ψ ∈ (0, θ) and R > 0 there are positive C and c such that, with κ = r(∞), |r(z)^n − κ^n| ≤ C|z|^{−1}e^{−cn}, for |z| ≥ R, | arg z| ≤ ψ, n ≥ 1. Proof of Theorem 2.6. As above we now need to show, with G_n(z) given by (2.2.3), ‖G_n(A)‖ ≤ Cn^{−(p+j)}. We set κ = r(∞) and

G̃_n(z) = G_n(z) − P (κ)κ^nz/(1 + z).

Obviously G̃_n(∞) = 0. Since |κ| < 1, we have |κ| ≤ e^{−c} for some c > 0. Noting that ‖A(I + A)^{−1}‖ ≤ 2M, we have, since n ≥ m_1, n ≥ 1, ‖P (κ)κ^nA(I + A)^{−1}‖ ≤ 2M|P (κ)κ^n| ≤ 2M | | | m2∑ ν=−m1 c_ν e^{−c(n+ν)} | | | ≤ Ce^{−cn} ≤ Cn^{−(p+j)}. It remains to show the same bound for the operator norm of G̃_n(A). We may now use Lemmas 2.2 and 2.3 to see that, with ψ ∈ (δ, θ),

G̃_n(A) = 1 2πi ∫ γϵ∪Γϵ G̃_n(z)R(z; A) dz. Since n ≥ m_1 and r(z) is A(θ)-stable and 0 ∈ ρ(A), the integrand is bounded on the small domain with boundary γ_ϵ ∪ Γ^ϵ_0, so that we may let ϵ tend to 0. We therefore have, with Γ = { z : | arg z| = ψ },

G̃_n(A) = 1 2πi ∫ Γ G̃_n(z)R(z; A) dz. We write

G̃_n(z) = ( P (r(z)) − (−z)^{−j} ) r(z)^n + (−z)^j ( r(z)^n − e^{−nz}) ) − P (κ)κ^nz/(1 + z). Using the estimates (2.2.7), (2.2.8), (2.2.9) and |1/(1 + z)| ≤ 1 for Re z ≥ 0 and the boundedness of R(z; A), we have, for z ∈ Γ, |z| ≤ 1, n ≥ 1, ‖G̃_n(z)R(z; A)‖ ≤ ( C|z|^{p+j}e^{−cn|z|} + |z|^j(Cn|z|^{p+1}e^{−cn|z|}) ) + Cκ^n ≤ Cn^{−p−j}. Further, we rewrite

G̃_n(z) = ( P (r(z))r(z)^n − P (κ)κ^n ) + P (κ)κ^n/(1 + z) − (−z)^je^{−nz}.

12 YUBIN YAN

By Lemma 2.7 we have, for z ∈ Γ, |z| ≥ 1 and n ≥ m_1, |P (r(z))r(z)^n − P (κ)κ^n| = | | | m2∑ ν=−m1 c_ν ( r(z)^{n+ν} − κ^{n+ν} )| |

≤ C|z|^{−1} m2∑ ν=−m1 |c_ν|e^{−c(n+ν)} ≤ C|z|^{−1}e^{−c(n−m1)} ≤ C|z|^{−1}e^{−cn}. Thus, since |1 + z| ≥ |z| for Rez ≥ 0, we get, for z ∈ Γ, |z| ≥ 1, n ≥ m_1 and n ≥ 1, ‖G̃_n(z)R(z; A)‖ ≤ ( C|z|^{−1}e^{−cn} + κ^n|z|^{−1} ) |z|^{−1} + C|z|^{−p−1}|z|^{p+j}e^{−cn|z|} ≤ Cn^{−p−j}(|z|^{−2} + |z|^{−p−1}) ≤ Cn^{−p−j}|z|^{−2}. We therefore obtain ‖G̃_n(A)‖ ≤ ∫_1 0 Cn^{−p−j} dρ + ∫_∞ 1 Cn^{−p−j}ρ^{−2} dρ ≤ Cn^{−p−j}. Together these estimates complete the proof. 3. Fully Discrete Schemes In this section we study fully discrete schemes of the initial boundary value problem { u_t = Δu in Ω, for t > 0, u = 0 on ∂Ω, for t > 0, u(·, 0) = v in Ω,

(3.3.1)

where Ω is a bounded domain in R^2 with smooth boundary ∂Ω.

Let L_p = L_p(Ω) denote the usual real Lebesgue spaces with norms ‖v‖_{Lp} = ( ∫ Ω |v(x)|^p dx ) 1_p , 1 ≤ p < ∞, ess sup{|v(x)| : x ∈ Ω}, p = ∞, (3.3.2)

and let k be a nonnegative integer and let W^k_p = W^k_p (Ω) be the standard real Sobolev spaces with norms ‖ · ‖_W k_p defined by ‖v‖_W k_p = ( ∑ |α|≤k ‖D^αv‖^p_{Lp} ) 1_p , for 1 ≤ p ≤ ∞ with the usual modification in the case p = ∞. In the case p = 2, we set H^k = W^k_2 , which is a Hilbert space with the inner product (v, w)_Hk = ∑ |α|≤k ∫ Ω D^αvD^αw dx. Moreover we denote H^1_0 = {v ∈ H^k : v = 0 on ∂Ω}, and Ẇ^k_p = {v ∈ W^k_p : (−Δ)^lv = 0 on ∂Ω, for l < k/2}.

APPROXIMATION OF TIME DERIVATIVES 13

In (3.3.1), we consider A = −Δ with D(A^j) = Ẇ^{2j}_p for j ≥ 1. It is known that Δ generates a strongly continuous and analytic semigroup E(t) = e^{tΔ} in L_p for 1 < p < ∞, but for p = ∞ the strong continuity at t = 0 is lost. Nevertheless, the corresponding stability and smoothing estimates are valid: ‖E(t)v‖_{Lp} + ‖E^′(t)‖_{Lp} ≤ Ct^{−1}‖v‖_{Lp} , for v ∈ L_p, 2 ≤ p ≤ ∞, (3.3.3) see, e.g., Thomée [16, Chapter 5] for more details.

We assume that Ω is approximated by a quasi-uniform family of triangular finite element meshes τ_h such that the union of the elements determines a polygonal domain Ω_h with boundary nodes on ∂Ω. For simplicity we assume that Ω is convex and let S_h be the space of continuous functions that are linear on each element and vanish outside Ω_h, so that S_h ⊂ H^1_0 . We define the discrete Laplacian Δ_h by (Δ_hψ, χ) = −(∇ψ, ∇χ), ∀ψ, χ ∈ S_h. (3.3.4)

The spatially semidiscrete problem is then to find u_h : [0, ∞) → S_h, such that u_{h,t} = Δ_hu_h, for t > 0, with u_h(0) = v_h,

(3.3.5) where v_h ∈ S_h is some approximation of v. Let P_h denote the orthogonal projection of v onto S_h with respect to the inner product to the L_2 norm, i.e., (P_hv, χ) = (v, χ), ∀χ ∈ S_h, for v ∈ L_2. (3.3.6)

We also need the so called elliptic or Ritz projection R_h onto S_h defined as the orthogonal projection with respect to the inner product (∇v, ∇w), so that (∇R_hv, ∇χ) = (∇v, ∇χ), ∀χ ∈ S_h, for v ∈ H^1_0 . (3.3.7) Note that Δ_hR_h = P_hΔ,

(3.3.8) which we need in the proof of our theorems.

We now apply our above time stepping procedure (1.1.5) to this semidiscrete equation (3.3.5). This defines the fully discrete approximation U^n ∈ S_h of u(t_n) recursively by U^n = E_{kh}U^{n−1}, for n ≥ 1, where E_{kh} = r(−kΔ_h), with U^0 = v_h.

(3.3.9)

We shall derive L_∞ error estimates for the approximations Q^j_kU^n of the time derivatives D^j_t u(t_n) of the solution of (3.3.1), where U^n is defined by (3.3.9). We first show some L_∞ error estimates in the spatially semidiscrete case. We begin with an error estimate in the nonsmooth data case.

Theorem 3.1. Let u(t) and u_h(t) be the solutions of (3.3.1) and (3.3.5) and j ≥ 0. If v ∈ L_∞ and v_h = P_hv, then we have ‖D^j_t u_h(t) − D^j_t u(t)‖_L1 ≤ Ch^2ℓ^2_ht^{−j−1}‖v‖_L1, where ℓ_h = ln(1/h).

The proof of the result depends on the following lemmas. The first lemma concerns error bounds for the L_2 and Ritz projections in maximum-norm.

14 YUBIN YAN

Lemma 3.2. Let u(t) be the solution of (3.3.1) and j ≥ 0. Then, we have, for ρ = (R_h − I)u and η = (P_h − I)u , t^{j+1} ( ‖D^j_t ρ(t)‖_L1 + ℓ_h‖D^j_t η(t)‖_L1 ) ≤ Ch^2ℓ^2_h‖v‖_L1. (3.3.10) Proof. With I_h : C(Ω̄) → S_h the standard Lagrange interpolation operator, we have, see, e.g., Brenner and Scott [6], ‖I_hu − u‖_L1 ≤ Ch^{2−2/s}‖u‖_W 2_s , for 2 ≤ s ≤ ∞, u ∈ Ẇ^2_s . Since D^j_t ρ = (R_h − I)D^j_t u = (R_h − I)(I − I_h)D^j_t u, using the logarithmic maximum-norm stability of R_h, i.e., ‖R_hu‖_L1 ≤ Cℓ_h‖u‖_L1, see, e.g., Schatz and Wahlbin [15], we have, ‖D^j_t ρ‖_L1 ≤ Cℓ_h‖(I − I_h)D^j_t u‖_L1 ≤ Cℓ_hh^{2−2/s}‖D^j_t u‖_W 2_s . By the Agmon-Douglis-Nirenberg [1] regularity estimate ‖u‖_W 2_s ≤ Cs‖Δu‖_{Ls} , for 2 ≤ s < ∞, u ∈ Ẇ^2_s , we hence obtain, using also the smoothing property (3.3.3), ‖D^j_t ρ(t)‖_L1 ≤ Ch^{2−2/s}ℓ_hs‖ΔD^j_t u(t)‖_{Ls} ≤ Ch^{2−2/s}ℓ_hst^{−j−1}‖v‖_{Ls} ≤ Ch^{2−2/s}ℓ_hst^{−j−1}‖v‖_L1. With s = ℓ_h this shows the bound in (3.3.10) for D^j_t ρ(t). The proof of the bound for D^j_t η(t) is analogous, with one less factor ℓ_h because P_h is bounded in L_∞, see Thomée [16, Lemma 5.7].

We also need the following lemma which shows that the discrete solution operator E_h(t) = e^{tΔh} is stable in the L_∞ norm and has a smoothing property, uniformly in h, see Thomée and Wahlbin [17], and Bakaev, Thomée, and Wahlbin [4]. Lemma 3.3. Let E_h(t) be the solution operator of (3.3.5). Then ‖E_h(t)v_h‖_L1 + t‖E^′_h(t)v_h‖_L1 ≤ C‖v_h‖_L1, for t > 0. (3.3.11) Proof of Theorem 3.1. We write u_h − u = (u_h − P_hu) + (P_hu − u) = ζ + η. Here D^j_t η is bounded as desired by Lemma 3.2 and it remains to bound ζ^{(j)} = D^j_t ζ = D^j_t (u_h − P_hu). We will show, by induction, that for each j ≥ 0 there is C, such that sup_{0≤s≤t}(s^{j+1}‖ζ^{(j)}(s)‖_L1) ≤ Ch^2ℓ^2_h‖v‖_L1.

(3.3.12)

The case j = 0 can be found in Thomée [16, Theorem 5.4]. Assuming now that the result is already shown with j replaced by j − 1. Since ζ_t − Δ_hζ = −Δ_hP_hρ, we find

(t^{j+1}ζ^{(j)})_t − Δ_h(t^{j+1}ζ^{(j)}) = (j + 1)t^jζ^{(j)} + t^{j+1}(ζ^{(j)}_t − Δ_hζ^{(j)})

(3.3.13) = (j + 1)t^j(Δ_hζ^{(j−1)} − Δ_hP_hρ^{(j−1)}) − t^{j+1}Δ_hP_hρ^{(j)}.

APPROXIMATION OF TIME DERIVATIVES 15

Thus, by Duhamel’s principle, we have, noting that E_h(t − s)Δ_h = E^′_h(t − s), t^{j+1}ζ^{(j)}(t) = ∫_t 0 E^′_h(t − s) ( (j + 1)s^jζ^{(j−1)}(s) − (j + 1)s^jP_hρ^{(j−1)}(s) − s^{j+1}P_hρ^{(j)}(s) ) ds = I + II + III. For II, we write II = − ( ∫ t/2 0 + ∫_t t/2 ) E^′_h(t − s)(j + 1)s^jP_hρ^{(j−1)}(s) ds = II_1 + II_2.

Here, using Lemmas 3.2 and 3.3, ‖II_1‖_L1 ≤ C ∫_{t/2} 0 (t − s)^{−1}s^j‖ρ^{(j−1)}(s)‖_L1 ds ≤ Ch^2ℓ^2_h‖v‖_L1. Further, after integration by parts, II_2 = [ E_h(t − s)(j + 1)s^jP_hρ^{(j−1)}(s) ]_t t/2 − ∫_t t/2 E_h(t − s)(j + 1)P_h ( js^{j−1}ρ^{(j−1)}(s) + s^jρ^{(j)}(s) ) ds, and thus by Lemmas 3.2 and 3.3, we get ‖II_2‖_L1 ≤ Ch^2ℓ^2_h‖v‖_L1. Therefore ‖II‖_L1 ≤ Ch^2ℓ^2_h‖v‖_L1. Following the estimate of II, we can also show ‖III‖_L1 ≤ Ch^2ℓ^2_h‖v‖_L1.

Now we turn to I, and write, with a > 1, I = ( ∫ t/a 0 + ∫_t t/a ) E^′_h(t − s)(j + 1)s^jζ^{(j−1)}(s) ds = I_1 + I_2.

Here, using Lemma 3.3 and the induction assumption, we have ‖I_1‖_L1 ≤ C ∫_{t/a} 0 (t − s)^{−1}s^j‖ζ^{(j−1)}(s)‖_L1 ds ≤ C ln( a a − 1 )h^2ℓ^2_h‖v‖_L1.

Further, after integration by parts, I_2 = − [ E_h(t − s)(j + 1)s^jζ^{(j−1)}(s) ]_t t/a + ∫_t t/a E_h(t − s)(j + 1)s^{−1}(js^jζ^{(j−1)}(s) + s^{j+1}ζ^{(j)}(s)) ds.

By Lemma 3.3 and the induction assumption, we have ‖E_h(t − s)(j + 1)s^jζ^{(j−1)}(s)‖_L1 ≤ Ch^2ℓ^2_h‖v‖_L1,

16 YUBIN YAN and ‖ ‖ ‖ ∫_t t/a E_h(t − s)(j + 1)s^{−1}(js^jζ^{(j−1)}(s)) ds ‖ ‖ ‖_L1 ≤ C ln(a)h^2ℓ^2_h‖v‖L1. Thus ‖I_2‖_L1 ≤ (C + C ln(a))h^2ℓ^2_h‖v‖_L1 + C ln(a) sup_{0≤s≤t} ‖s^{j+1}ζ^{(j)}‖_L1.

Therefore, with C_a = C + C ln(a) + C ln(^a_{a−1} ), ‖I‖_L1 ≤ C_ah^2ℓ^2_h‖v‖_L1 + C ln(a) sup_{0≤s≤t} ‖s^{j+1}ζ^{(j)}(s)‖_L1.

By (3.3.13), we get sup_{0≤s≤t} ‖s^{j+1}ζ^{(j)}(s)‖_L1 ≤ C_ah^2ℓ^2_h‖v‖_L1 + C ln(a) sup_{0≤s≤t} ‖s^{j+1}ζ^{(j)}(s)‖_L1.

Choosing a such that C ln(a) ≤ 1/2, we obtain (3.3.12). The proof is complete.

We now turn to an error estimate in the smooth data case.

Theorem 3.4. Let u(t) and u_h(t) be the solutions of (3.3.1) and (3.3.5) and j ≥ 0. If v ∈ Ẇ^{2j+2}_∞ , then we have

‖D^j_t u_h(t) − D^j_t u(t)‖_L1 ≤ Ch^2ℓ^2_h‖v‖_W 2j+21 + C‖Δ^j_hv_h − R_hΔ^jv‖_L1.

(3.3.14)

The proof will depend on the following:

Lemma 3.5. Let u(t) be the solution of (3.3.1) and j ≥ 0. Then we have, for ρ = R_hu − u, ρ^{(j)} = D^j_t ρ, ‖ρ^{(j)}(t)‖_L1 + t‖ρ^{(j+1)}(t)‖_L1 ≤ Ch^2ℓ^2_h‖v‖_W 2j+21 , for v ∈ Ẇ^{2j+2}_∞ .

Proof. The case j = 0 can be found in Thomée [16, Lemma 5.6]. Hence

‖ρ^{(j)}(t)‖_L1 + t‖ρ^{(j+1)}(t)‖_L1 ≤ Ch^2ℓ^2_h‖D^j_t u(0)‖_W 21 ≤ Ch^2ℓ^2_h‖v‖_W 2j+21 , which completes the proof.

Proof of Theorem 3.4. First we assume v_h = T^{j+1}_h (−Δ)^{j+1}v, where T_h = (−Δ_h)^{−1}, which implies that Δ^j_hv_h = R_hΔ^jv. In this case, we want to show ‖D^j_t u_h(t) − D^j_t u(t)‖_L1 ≤ Ch^2ℓ^2_h‖v‖_W 2j+21 , which we will do now.

We write, with ρ^{(j)} = D^j_t ρ and θ^{(j)} = D^j_t θ, where θ = u_h − R_hu and ρ = R_hu − u, D^j_t u_h − D^j_t u = θ^{(j)} + ρ^{(j)}.

Here ρ^{(j)} is bounded as desired by Lemma 3.5. To estimate θ^{(j)} we note that D_tθ^{(j)} − Δ_hθ^{(j)} = −P_hρ^{(j+1)},

APPROXIMATION OF TIME DERIVATIVES 17

so that, by Duhamel’s principle and θ^{(j)}(0) = Δ^j_hv_h − R_hΔ^jv = 0,

θ^{(j)}(t) = − ( ∫ t/2 0 + ∫_t t/2 ) E_h(t − s)P_hρ^{(j+1)}(s) ds = I + II. Here by Lemmas 3.3 and 3.5, ‖II‖_L1 ≤ C ∫_t t/2 ‖ρ^{(j+1)}(s)‖_L1 ds ≤ Ch^2ℓ^2_h‖v‖_W 2j+21 .

For I we integrate by parts to obtain I = − [ E_h(t − s)P_hρ^{(j)}(s) ]_{t/2} 0 − ∫_{t/2} 0 E^′_h(t − s)P_hρ^{(j)}(s) ds. Using Lemmas 3.3 and 3.5 we have ‖E_h(t − s)P_hρ^{(j)}(s)‖_L1 ≤ C‖ρ^{(j)}(s)‖_L1 ≤ Ch^2ℓ^2_h‖v‖_W 2j+21 , and ‖ ‖ ∫_{t/2} 0 E^′_h(t − s)P_hρ^{(j)}(s) ds ‖ ‖ L1^{≤ C} ∫_{t/2} 0 (t − s)^{−1}‖ρ^{(j)}(s)‖_L1 ds ≤ Ch^2ℓ^2_h‖v‖_W 2j+21 , which shows (3.3.14) for present choice of v_h.

It remains to consider the contribution to the semidiscrete solution of the initial data v_h − T^{j+1}_h (−Δ)^{j+1}v. We have by the above proof ‖D^j_t E_h(t)(T^{j+1}_h (−Δ)^{j+1}v) − D^j_t u(t)‖_L1 ≤ Ch^2ℓ^2_h‖v‖_W 2j+21 .

On the other hand, by the stability of E_h(t), ‖D^j_t E_h(t)(v_h − T^{j+1}_h (−Δ)^{j+1}v)‖_L1 ≤ C‖Δ^j_hv_h − R_hΔ^jv‖_L1.

Together these estimates complete the proof of (3.3.14).

Now we consider the error estimates for the fully discrete scheme (3.3.9). In order to apply the results of Section 2, we have to consider the appropriate bound for the resolvent R(z; −Δ_h). To do this, we quote the following lemma from Bakaev, Thomée, and Wahlbin [4, Theorem 1.1], Lemma 3.6. For any δ ∈ (0, π/2) there exists a constant C such that ‖R(z; −Δ_h)f‖_L1 ≤ C|z|^{−1}‖f‖_L1, for z ∈ Σ_δ. By using this lemma, we see that A = −Δ_h satisfies (1.1.2) and (1.1.3), hence we can apply the results in Section 2 with A = −Δ_h, B = S_h equipped with the L_∞ norm.

We first combine Theorem 3.1, for the error estimate in the semidiscrete case, with Theorem 2.6, applied to the semidiscrete equation (3.3.5), and obtain the following error estimate in the nonsmooth data case.

18 YUBIN YAN

Theorem 3.7. Let u(t_n) and U^n be the solutions of (3.3.1) and (3.3.9). Assume that r(z) is accurate of order p ≥ 1 and A(θ)-stable with θ ∈ (0, π/2] and |r(∞)| < 1. Let j ≥ 1 and assume that Q^j_k, defined in (1.1.11), is an approximation of D^j_t , which is accurate of order p. Then there is a constant C such that, if v ∈ L_∞ and v_h = P_hv, then we have, for n ≥ m_1, t_n > 0, ‖Q^j_kU^n − D^j_t u(t_n)‖_L1 ≤ C(h^2ℓ^2_ht^{−j−1}_n + k^pt^{−p−j}_n )‖v‖_L1. We finish with an error estimate in the smooth data case.

Theorem 3.8. Let u(t_n) and U^n be the solutions of (3.3.1) and (3.3.9). Assume that r(z) is accurate of order p ≥ 1 and A(θ)-stable with θ ∈ (0, π/2]. Let j ≥ 1 and assume that Q^j_k, defined in (1.1.11), is an approximation of D^j_t , which is accurate of order p. Then there is a constant C such that, if v ∈ Ẇ^{2p+2j}_∞ and v_h = P_hv, then we have, for n ≥ m_1, ‖Q^j_kU^n − D^j_t u(t_n)‖_L1 ≤ C(h^2ℓ^2_h‖v‖_W 2+2j1 + k^p‖v‖_W 2p+2j1 ) + C‖Δ^j_hv_h − Δ^jv‖_L1.

In order to prove the theorem, we need the following lemma.

Lemma 3.9. Assume that r(z) is A(θ)-stable with θ ∈ (0, π/2] and accurate of order p ≥ 1. Let j ≥ 1 and let G̃_{n,s} = G_n(−kΔ_h)T^s_h , where G_n is defined by (2.2.3) and T_h = (−Δ_h)^{−1}. Then we have ‖G̃_{n,l+j}w‖_L1 ≤ Ck^{l+j}‖w‖_L1, for 0 ≤ l ≤ p, n ≥ m_1. Proof. Using Lemma 3.6, we obtain by Theorem 2.1, for n ≥ m_1, ‖G̃_{n,l+j}w‖_L1 = ‖G_n(−kΔ_h)T^{l+j}_h w‖_L1 ≤ Ck^{l+j}‖w‖_L1, for 0 ≤ l ≤ p. (3.3.15) Note that if r(z) is accurate of p it is also accurate of order l with 1 ≤ l ≤ p, which shows (3.3.15) for 1 ≤ l ≤ p. The case l = 0 follows by a direct proof as in the case l = p. Proof of Theorem 3.8. By Theorem 3.4, Lemma 3.5 and the estimate ‖Δ^j_hv_h − R_hΔ^jv‖_L1 ≤ ‖Δ^j_hv_h − Δ^jv‖_L1 + ‖(R_h − I)Δ^jv‖_L1, we only need to show

‖Q^j_kU^n − D^j_t u_h(t_n)‖_L1 ≤ C(h^2ℓ^2_h‖v‖_W 2+2j1 + k^p‖v‖_W 2p+2j1 ) + C‖Δ^j_hv_h − Δ^jv‖_L1.

(3.3.16) Assuming first that v_h = T^j_h (−Δ)^jv, we have Q^j_kU^n − D^j_t u_h(t_n) = k^{−j}G̃_{n,j}(−Δ)^jv.

Following Thomée [16, Theorem 8.6], we choose ṽ_k, such that, with C independent of s, ‖(−Δ)^j(v − ṽ_k)‖_L1 ≤ Ck^p‖Δ^{p+j}v‖_L1 ≤ Ck^p‖v‖_W 2p+2j1 , (3.3.17) ‖(−Δ)^{p+j}ṽ_k‖_L1 ≤ C‖Δ^{p+j}v‖_L1 ≤ C‖v‖_W 2p+2j1 , (3.3.18) k^l‖(−Δ)^{l+j}ṽ_k‖_W 2_s ≤ Cs‖Δ^jv‖_W 2_s , for 0 ≤ l ≤ p − 1, 2 ≤ s < ∞. (3.3.19)

APPROXIMATION OF TIME DERIVATIVES 19

Applying now the identity v = p−1∑ l=0 T^l_h(T − T_h)(−Δ)^{l+1}v + T^p_h (−Δ)^pv,

to (−Δ)^jṽ_k, we have G̃_{n,j}(−Δ)^jṽ_k = G_n(−kΔ_h)T^j_h (−Δ)^jṽ_k (3.3.20) = p−1∑ l=0 G̃_{n,l+j}(T − T_h)(−Δ)^{l+j+1}ṽ_k + G̃_{n,p+j}(−Δ)^{p+j}ṽ_k. By Lemma 3.9, we have, since (T − T_h)(−Δ) = I − R_h, ‖G̃_{n,l+j}(T − T_h)(−Δ)^{l+j+1}ṽ_k‖_L1 ≤ Ck^{l+j}‖(I − R_h)(−Δ)^{l+j}ṽ_k‖_L1. Using the following bound for the Ritz projection in maximum-norm, see, e.g., Thomée [16, Lemma 5.6], ‖(R_h − I)v‖_L1 ≤ Ch^{2−2/s}ℓ_h‖v‖_W 2_s , for 2 ≤ s < ∞, and (3.3.19), choosing s = ℓ_h, we therefore obtain ‖G̃_{n,l+j}(T − T_h)(−Δ)^{l+j+1}ṽ_k‖_L1 ≤ Ck^{l+j}h^{2−2/s}ℓ_h‖Δ^{l+j}ṽ_k‖_W 2_s ≤ Ck^jsh^{2−2/s}ℓ_h‖Δ^jv‖_W 2_s ≤ Ck^jh^2ℓ^2_h‖v‖_W 2+2j1 , for 0 ≤ l ≤ p − 1.

For the case l = p we have by (3.3.18), ‖G̃_{n,p+j}(−Δ)^{p+j}ṽ_k‖_L1 ≤ Ck^{p+j}‖Δ^{p+j}ṽ_k‖_L1 ≤ Ck^{p+j}‖v‖_W 2p+2j1 . Together these estimates imply ‖G̃_{n,j}(−Δ)^jṽ_k‖_L1 ≤ Ck^j(h^2ℓ^2_h‖v‖_W 2+2j1 + k^p‖v‖_W 2p+2j1 ).

By Lemma 3.9 and (3.3.17), we have

‖G̃_{n,j}(−Δ)^j(v − ṽ_k)‖_L1 = ‖G_n(−kΔ_h)T^j_h (−Δ)^j(v − ṽ_k)‖_L1 ≤ Ck^j‖(−Δ)^j(v − ṽ_k)‖_L1 ≤ Ck^{p+j}‖v‖_W 2p+2j1 . We conclude that ‖Q^j_kU^n − D^j_t u_h(t_n)‖_L1 = ‖k^{−j}G̃_{n,j}(−Δ)^j v‖_L1 ≤ C(h^2ℓ^2_h‖v‖_W 2+2j1 + k^p‖v‖_W 2p+2j1 ), which shows (3.3.16) for present choice of v_h.

It remains to consider the contribution to the fully discrete solution of v_h − T^j_h (−Δ)^jv. Since Q^j_kE^n_{kh}(v_h − T^j_h (−Δ)^j)v = P (r(−kΔ_h))r(−kΔ_h)^n(−kΔ_h)^{−j}v,

(3.3.21)

20 YUBIN YAN

it suffices to show ‖P (r(−kΔ_h))r(−kΔ_h)^n(−kΔ_h)^{−j}‖_L1 ≤ C, (3.3.22) where ‖ · ‖_L1 denotes the operator norm. In fact,

P (r(−Δ_h))r(−Δ_h)^n(−Δ_h)^{−j} = 1 2πi ∫ Γ P (r(z))r(z)^nz^{−j} R(z; −Δ_h) dz. Since 0 ∈ ρ(−Δ_h), P (r(z)) = O(z^j) as z → 0, there exists small η > 0, such that ‖R(z; −Δ_h)‖_L1 ≤ C and |P (r(z))z^{−j}| ≤ C for |z| ≤ η. Thus, we have, noting r(z) is bounded on Γ and n ≥ m_1, ‖ ‖ ‖ ∫ Γ P (r(z))r(z)^nz^{−j}R(z; −Δ_h) dz ‖ ‖ ‖_L1 ≤ ∫_η 0 dρ + ∫_∞ η dρ ρ^{j+1} ≤ C, which shows (3.3.22). The proof is now complete.

4. Numerical Illustrations In this section, we show some numerical results illustrating our theoretical analysis. We consider a one-dimensional problem with nonsmooth data, { u_t − u_{xx} = 0, in [0, 1], with u(0, t) = u(1, t) = 0, for t > 0, u(x, 0) = v(x), in [0, 1],

(4.4.1)

where v = { 1, if^1_4 < x <^3_4 , 0, otherwise.

(4.4.2)

We have that v ∈ L_∞, but v /∈ W^s_∞ for any s > 0.

The exact solution of (4.4.1) is u(x, t) = 4 π ∞∑ n=1 (−1)^n sin (2n − 1)π 4 (2n − 1)^{−1}e^{−((2n−1)π)2t} sin(2n − 1)πx,

and the derivative of u(x, t) is u_t(x, t) = 4π ∞∑ n=1 (−1)^{n+1} sin (2n − 1)π 4 (2n − 1)e^{−((2n−1)π)2t} sin(2n − 1)πx.

We define S_h to be the set of continuous piecewise linear functions on a uniform mesh of size h, which vanish at x = 0 and x = 1. As explained in Section 3, the semidiscrete problem may be written u_{h,t} = A_hu_h, for t > 0, with u_h(0) = P_hv,

(4.4.3) where A_h is the discrete analogue of A = −d^2/dx^2, defined by (A_hψ, χ) = ∫_1 0 ψ^′χ^′ dx, ∀ ψ, χ ∈ S_h.

APPROXIMATION OF TIME DERIVATIVES 21

We first compute the approximate solution U^n of (4.4.1) by applying the time stepping method U^n = r(kA_h)U^{n−1} to the semidiscrete problem (4.4.3), where r(λ) will be specified in our examples below. As mentioned in the introduction, if r(∞) = 0, then u_{h,t}(t_n) can be approximated by −A_hU^n and the error estimates (1.1.10) holds. In the case of r(∞) ≠ 0, we then use ¯∂U^n = (U^n − U^{n−1})/k, which is a special case of (1.1.11), to approximate u_t(t_n). Theorem 3.7 shows an error estimate for the fully discrete method with nonsmooth data in the L_∞ norm. More precisely, if |r(∞)| < 1, we have

‖ ¯∂U^n − u_t(t_n)‖ ≤ Ct^{−2}_n (k + h^2ℓ^2_h)‖v‖_L1.

(4.4.4)

For the approximation −A_hU^n of u_t(t_n) when r(∞) = 0, combining (1.1.10) and Theorem 3.1, we have the same error bound as in (4.4.4).

In our experiment, we consider the θ-method defined by (2.2.1) with θ = 2/3, in this case |r(∞)| = 1/2. Since we are mostly interested in the time stepping, we choose h very small and a sequence of moderate k. We thus use h = 1/200 fixed, and the time step k is chosen as 1/20, 1/40 and 1/80.

Denote ε(k) = ε(k, t_n) = ‖U^n − u(t_n)‖_L1, and let ρ(k_1, k_2) = ε(k_1)/ε(k_2). Table 1 shows the L_∞ norm of the error of the approximation U^n of u(t_n) at time t_n. From Thomée [16], we know that ‖U^n −u(t_n)‖ ≤ Ct^{−1}_n (k +h^2ℓ^2_h)‖v‖_L1. Table 1 shows the expected O(k) order of convergence. We also see that the error becomes large when t tends to 0.

In Table 2, we show the results of the approximation ¯∂U^n of u_t(t_n). Here ε(k) = ε(k, t_n) = ‖ ¯∂U^n − u_t(t_n)‖_L1, and again ρ(k_1, k_2) = ε(k_1)/ε(k_2). The results confirm the expected O(k) order of convergence and the singular behavior of the error as t → 0.

t ε(1/20) ε(1/40) ε(1/80) ρ(1/20, 1/40) ρ(1/40, 1/80) 0.1 1.669E-01 4.343E-02 6.465E-03 3.84 6.71 0.2 4.794E-02 8.957E-03 4.764E-03 5.35 1.87 0.3 1.537E-02 5.082E-03 2.688E-03 3.02 1.89 0.4 5.498E-03 2.570E-03 1.348E-03 2.13 1.90 0.5 2.214E-03 1.218E-03 6.342E-04 1.81 1.92 0.6 1.020E-03 5.548E-04 2.863E-04 1.83 1.93 0.7 4.572E-04 2.456E-04 1.257E-04 1.86 1.95 0.8 2.009E-04 1.065E-04 5.405E-05 1.88 1.97 0.9 8.693E-05 4.548E-05 2.288E-05 1.91 1.98 1.0 3.717E-05 1.918E-05 9.568E-06 1.93 2.00

Table 1. θ-method, with the approximation U^n of u(t_n) in L_∞ norm.

22 YUBIN YAN

t ε(1/20) ε(1/40) ε(1/80) ρ(1/20, 1/40) ρ(1/40, 1/80) 0.1 9.664E+00 4.558E+00 6.097E-01 2.11 7.47 0.2 2.460E+00 3.964E-01 1.020E-01 6.20 3.88 0.3 6.737E-01 9.585E-02 4.741E-02 7.02 2.02 0.4 1.939E-01 4.30E-02 2.123E-02 4.50 2.02 0.5 5.960E-02 1.883E-02 9.270E-03 3.16 2.03 0.6 1.970E-02 8.102E-03 3.969E-03 2.43 2.04 0.7 7.118E-03 3.437E-03 1.674E-03 2.07 2.05 0.8 3.018E-03 1.442E-03 6.983E-04 2.09 2.06 0.9 1.268E-03 5.996E-04 2.884E-04 2.11 2.07 1.0 5.293E-04 2.474E-04 1.182E-04 2.13 2.09

Table 2. θ-method, with the approximation ¯∂U^n of u_t(t_n) in L_∞ norm.

Acknowledgement. I wish to express my sincere gratitude to my supervisor Prof. Vidar Thomée, who suggested the topic of this paper, for his support and valuable criticism. I am also greatly indebted to my supervisor Dr. Stig Larsson for reading the manuscript carefully and providing many valuable comments on the manuscript.

References

1. S. Agmon, L. Douglis, and L. A. Nirenberg, Estimates near the boundary for solutions of elliptic partial differential equations satisfying general boundary conditions, Comm. Pure. Appl. Math. 12 (1950), 623–727.

2. N. Yu. Bakaev, On the bounds of approximations of holomorphic semigroups, BIT 35 (1995), 605–608. 3. , On variable stepsize Runge-Kutta approximations of a Cauchy problem for the evolution equation, BIT 38 (1998), 462–485.

4. N. Yu. Bakaev, V. Thomée, and L. B. Wahlbin, Maximum-norm estimates for resolvents of elliptic finite element operators, Preprint 2001-58, Department of Mathematics, Chalmers University of Technology, 2001.

5. G. A. Baker, J. H. Bramble, and V. Thomée, Single step Galerkin approximations for parabolic problems, Math. Comp. 31 (1977), 818–847.

6. S. C. Brenner and L. R. Scott, The Mathematical Theory of Finite Element Methods, Springer-Verlag, New York, 1994.

7. M. Crouzeix, S. Larsson, S. Piskarëv, and V. Thomée, The stability of rational approximations of analytic semigroups, BIT 33 (1993), 74–84.

8. A. Hansbo, Nonsmooth data error estimates for damped single step methods for parabolic equations in Banach space, Calcolo 36 (1999), 75–101.

9. S. Larsson, V. Thomée, and L. B. Wahlbin, Finite-element methods for a strongly damped wave equation, IMA J. Numer. Anal. 11 (1991), 115–142.

10. M. Luskin and R. Rannacher, On the smoothing property of the Crank-Nicolson scheme, Applicable Anal. 14 (1982/83), 117–135.

11. C. Palencia, A stability result for sectorial operators in Banach spaces, SIAM J. Numer. Anal. 30 (1993), 1373–1384.

12. , On the stability of variable stepsize rational approximations of holomorphic semigroups, Math.

Comp. 62 (1994), 93–103.

APPROXIMATION OF TIME DERIVATIVES 23

13. A. Pazy, Semigroups of Linear Operators and Applications to Partial Differential Equations, Springer- Verlag, New York, 1983.

14. R. Rannacher, Finite element solution of diffusion problems with irregular data, Numer. Math. 43 (1984), 309–327.

15. A. H. Schatz and L. B. Wahlbin, On the quasi-optimality in L_∞ of the Ḣ^1-projection into finite element spaces, Math. Comp. 38 (1982), 1–22.

16. V. Thomée, Galerkin Finite Element Methods for Parabolic Problems, Springer-Verlag, Berlin, 1997. 17. V. Thomée and L. B. Wahlbin, Stability and analyticity in maximum-norm for simplicial Lagrange finite element semidiscretizations of parabolic equations with Dirichlet boundary conditions, Numer. Math. 87 (2000), 373–389.

18. Y. Yan, Approximation of time derivatives for parabolic equations in Banach space: variable time steps, Preprint 2002-02, Chalmers Finite Element Center, Chalmers University of Technology.

24 YUBIN YAN

APPROXIMATION OF TIME DERIVATIVES 25

Chalmers Finite Element Center Preprints

2000–01 Adaptive finite element methods for the unsteady Maxwell’s equations

Johan Hoffman

2000–02 A multi-adaptive ODE-solver

Anders Logg

2000–03 Multi-adaptive error control for ODEs

Anders Logg

2000–04 Dynamic computational subgrid modeling (Licentiate Thesis)

Johan Hoffman

2000–05 Least-squares finite element methods for electromagnetic applications (Licenti-

ate Thesis) Rickard Bergström

2000–06 Discontinuous galerkin methods for incompressible and nearly incompressible

elasticity by Nitsche’s method Peter Hansbo and Mats G. Larson

2000–07 A discountinuous Galerkin method for the plate equation

Peter Hansbo and Mats G. Larson

2000–08 Conservation properties for the continuous and discontinuous Galerkin methods

Mats G. Larson and A. Jonas Niklasson

2000–09 Discontinuous Galerkin and the Crouzeix-Raviart element: application to elas-

ticity Peter Hansbo and Mats G. Larson

2000–10 Pointwise a posteriori error analysis for an adaptive penalty finite element

method for the obstacle problem Donald A. French, Stig Larson and Ricardo H. Nochetto

2000–11 Global and localised a posteriori error analysis in the maximum norm for finite

element approximations of a convection-diffusion Problem Mats Boman

2000–12 A posteriori error analysis in the maximum norm for a penalty finite element

method for the time-dependent obstacle problem Mats Boman

2000–13 A posteriori error analysis in the maximum norm for finite element approxi-

mations of a time-dependent convection-diffusion problem Mats Boman

2001–01 A simple nonconforming bilinear element for the elasticity problem

Peter Hansbo and Mats G. Larson

2001–02 The LL^∗ finite element method and multigrid for the magnetostatic problem

Rickard Bergström, Mats G. Larson, and Klas Samuelsson

2001–03 The Fokker-Planck operator as an asymptotic limit in anisotropic media

Mohammad Asadzadeh

2001–04 A posteriori error estimation of functionals in elliptic problems: experiments

Mats G. Larson and A. Jonas Niklasson

2001–05 A note on energy conservation for Hamiltonian systems using continuous time

finite elements Peter Hansbo

2001–06 Stationary level set method for modelling sharp interfaces in groundwater flow

Nahidh Sharif and Nils-Erik Wiberg

2001–07 Integration methods for the calculation of the magnetostatic field due to coils

Marzia Fontana

2001–08 Adaptive finite element computation of 3D magnetostatic problems in potential

formulation Marzia Fontana

2001–09 Multi-adaptive galerkin methods for ODEs I: theory & algorithms

Anders Logg

2001–10 Multi-adaptive galerkin methods for ODEs II: applications

Anders Logg

2001–11 Energy norm a posteriori error estimation for discontinuous Galerkin methods

Roland Becker, Peter Hansbo, and Mats G. Larson

2001–12 Analysis of a family of discontinuous Galerkin methods for elliptic problems:

the one dimensional case Mats G. Larson and A. Jonas Niklasson

2001–13 Analysis of a nonsymmetric discontinuous Galerkin method for elliptic prob-

lems: stability and energy error estimates Mats G. Larson and A. Jonas Niklasson

2001–14 A hybrid method for the wave equation

Larisa Beilina, Klas Samuelsson and Krister Åhlander

2001–15 A finite element method for domain decomposition with non-matching grids

Roland Becker, Peter Hansbo and Rolf Stenberg

2001–16 Application of stable FEM-FDTD hybrid to scattering problems

Thomas Rylander and Anders Bondeson

2001–17 Eddy current computations using adaptive grids and edge elements

Y. Q. Liu, A. Bondeson, R. Bergström, C. Johnson, M. G. Larson, and K. Samuelsson

2001–18 Adaptive finite element methods for incompressible fluid flow

Johan Hoffman and Claes Johnson

2001–19 Dynamic subgrid modeling for time dependent convection–diffusion–reaction

equations with fractal solutions Johan Hoffman

2001–20 Topics in adaptive computational methods for differential equations

Claes Johnson, Johan Hoffman and Anders Logg

2001–21 An unfitted finite element method for elliptic interface problems

Anita Hansbo and Peter Hansbo

2001–22 A P^2–continuous, P^1–discontinuous finite element method for the Mindlin-

Reissner plate model Peter Hansbo and Mats G. Larson

2002–01 Approximation of time derivatives for parabolic equations in Banach space:

constant time steps Yubin Yan

These preprints can be obtained from

www.phi.chalmers.se/preprints