FINITE ELEMENT CENTER

PREPRINT 2003–08

A finite element method for a nonlinear stochastic parabolic equation

Yubin Yan

Chalmers Finite Element Center CHALMERS UNIVERSITY OF TECHNOLOGY Göteborg Sweden 2003

CHALMERS FINITE ELEMENT CENTER

Preprint 2003–08

A finite element method for a nonlinear stochastic parabolic equation

Yubin Yan

Chalmers Finite Element Center Chalmers University of Technology SE–412 96 Göteborg Sweden Göteborg, March 2003

A finite element method for a nonlinear stochastic parabolic equation Yubin Yan NO 2003–08 ISSN 1404–4382

Chalmers Finite Element Center Chalmers University of Technology SE–412 96 Göteborg Sweden Telephone: +46 (0)31 772 1000 Fax: +46 (0)31 772 3595

www.phi.chalmers.se

Printed in Sweden Chalmers University of Technology Göteborg, Sweden 2003

A FINITE ELEMENT METHOD FOR A NONLINEAR STOCHASTIC PARABOLIC EQUATION

YUBIN YAN

Abstract. In this paper we consider the finite element method for a stochastic parabolic partial differential equation forced by additive space-time white noise in the multidimensional case. Optimal strong convergence error estimates in the L_2 and Ḣ^{−1} norms with respect to spatial variable have been obtained. The proof is based on appropriate nonsmooth data error estimates for the corresponding deterministic parabolic problem.

1. Introduction

In this paper we study the finite element approximation of the nonlinear stochastic parabolic partial differential equation

(1.1) du + Au dt = σ(u)dW, for 0 < t ≤ T, with u(0) = u_0,

in a Hilbert space H, with inner product (·, ·) and norm ‖ · ‖, where u(t) is an H-valued random process, A is a linear, selfadjoint, positive definite, not necessarily bounded operator with a compact inverse, densely defined in D(A) ⊂ H, σ is a nonlinear operator-valued function defined on H which we will specify later. Here W (t) is a Wiener process defined on a filtered probability space (Ω, F, P, {F_t}_{t≥0}) and u_0 ∈ H.

For the sake of simplicity, we shall concentrate on the case A = −Δ, where Δ stands for the Laplacian operator subject to homogeneous Dirichlet boundary conditions, and H = L_2(D), where D is a bounded domain in R^d, d = 1, 2, 3, with a sufficiently smooth boundary ∂D.

Such equations are common in applications. Many mathematics models in physics, chemistry, biology, population dynamics, neurophysiology, etc., are described by stochastic partial differential equations, see, Da Prato and Zabczyk [5], Walsh [17], etc. The existence, uniqueness, and properties of the solutions of such equations have been well studied, see Curtain and Falb [1], [2], Da Prato [3], Da Prato and Lunardi [4], Da Prato and Zabczyk [5], Dawson [7], Gozzi [8], Peszat and Zabczyk [13], Walsh [17], etc. However, numerical approximation of such equations has not been studied thoroughly.

This paper is closely related to [18], where we consider the finite element method for a linear stochastic parabolic partial differential equation. As in [18], we assume that W (t) is a

Date: March 29, 2003.

Key words and phrases. stochastic parabolic partial differential equations, nonlinear, finite element method, backward Euler method, Hilbert space.

Yubin Yan, Department of Mathematics, Chalmers University of Technology, SE–412 96 Göteborg, Sweden email: yubin@math.chalmers.se . 1

Wiener process with covariance operator Q. This process may be considered in terms of its Fourier series. Suppose that Q is a bounded, linear, selfadjoint, positive definite operator on H, with eigenvalues γ_l > 0 and corresponding eigenfunctions e_l. Let β_l, l = 1, 2, · · · , be a sequence of real-valued independently and identically distributed Brownian motions. Then

W (t) = ∞∑ l=1 γ^{1/2}_l e_lβ_l(t),

is a Wiener process with covariance operator Q.

If Q is in trace class, then W (t) is an H-valued process. If Q is not in trace class, for example, Q = I, then W (t) does not belong to H, in which case W (t) is called a cylindrical Wiener process.

Let L^0_2 = HS(Q^{1/2}(H), H) denote the space of Hilbert-Schmidt operators from Q^{1/2}(H) to H, i.e.,

L^0_2 = { ψ ∈ L(H) : ∞∑ l=1 ‖ψQ^{1/2}e_l‖^2 < ∞ } , with norm ‖ψ‖_L0_2 = ( ∑_∞ l=1 ‖ψQ^{1/2}e_l‖^2 )_{1/2} , where L(H) is the space of bounded linear operators from H to H.

Let E denote the expectation. Let ψ ∈ L^0_2. Then ∫_t 0 ψ(s) dW (s) can be defined and have the isometry

(1.2) E ‖ ‖ ∫_t 0 ψ(s) dW (s) ‖ ‖^2 = ∫_t 0 ‖Eψ(s)‖^2_L0_2 ds.

Following Da Prato and Zabczyk [5, Chapter 7], we assume that σ : H → L^0_2 satisfies the following global Lipschitz and growth conditions, (i) ‖σ(x) − σ(y)‖_L0_2 ≤ C‖x − y‖, ∀x, y ∈ H, (ii) ‖σ(x)‖_L0_2 ≤ C‖x‖, ∀x ∈ H. Then (1.1) admits a unique mild solution which has the form,

(1.3) u(t) = E(t)u_0 + ∫_t 0 E(t − s)σ(u(s)) dW (s), where E(t) = e^{−tA} is the analytic semigroup generated by −A. Moreover sup t∈[0,T ] E‖u(t)‖^2 ≤ C(1 + E‖u_0‖^2).

Note that if Tr(Q) < ∞, then the identity mapping σ(u) = I does not satisfy the condition (ii). In order to cover this important case, we introduce a modified version of (ii), i.e., (ii^′) ‖A^{(β−1)/2}σ(x)‖_L0_2 ≤ C‖x‖, for some β ∈ [0, 1], ∀x ∈ H. We see that (ii) is the special case β = 1 of (ii^′). If σ(·) = I, the condition (ii^′) reduces to

‖A^{(β−1)/2}‖_L0_2 ≤ C which is the condition used in [18] for the numerical approximation for linear stochastic parabolic partial differential equation.

Numerical methods for equations of the form (1.1), with various assumptions on the nonlinearity σ and the Wiener process W (t), have been studied, for example, by Davie and Gaines [6], Gyöngy [9], [10], Hausenblas [11], Shardlow [15], etc. Our approach is similar to Printems [14], who considers the time discretization in an abstract framework.

In this paper we will consider error estimates for approximations of (1.1) based on the finite element method in space and the backward Euler method in time.

Let S_h be a family of finite element spaces, where S_h consists of continuous piecewise polynomials of degree ≤ 1 with respect to the triangulation T_h of Ω. For simplicity, we always assume that {S_h} ⊂ H^1_0 = H^1_0 (D) = {v ∈ L_2(D), ∇v ∈ L_2(D), v|_{∂D} = 0}. The semidiscrete problem of (1.1) is to find the process u_h(t) = u_h(·, t) ∈ S_h, such that

(1.4) du_h + A_hu_h dt = P_hσ(u_h) dW, for 0 < t ≤ T, with u_h(0) = P_hu_0,

where P_h denotes the L_2-projection onto S_h, and A_h : S_h → S_h is the discrete analogue of A, defined by (1.5) (A_hψ, χ) = A(ψ, χ), ∀ψ, χ ∈ S_h. Here A(·, ·) = (∇·, ∇·) is the bilinear form on H^1_0 (D) obtained from the operator A.

Let E_h(t) = e^{−tAh} , t ≥ 0. Then (1.2) admits a unique mild solution

u_h(t) = E_h(t)P_hu_0 + ∫_t 0 E_h(t − s)P_hσ(u_h(s)) dW (s). Let Ḣ^s = Ḣ^s(D) = D(A^{s/2}) with norm |v|_s = ‖A^{s/2}v‖ for any s ∈ R. For any Hilbert space H, we denote

L_2(Ω; H) = { v : E‖v‖^2_H = ∫ Ω ‖v(ω)‖^2_H dP(ω) < ∞ } , with norm ‖v‖_{L2(Ω;H)} = (E‖v‖^2_H )^{1/2}.

Under the assumptions (i) and (ii^′), we show, in Theorem 3.2, the following error estimates for t ∈ [0, T ], ‖u_h(t) − u(t)‖_{L2(Ω;H)} ≤ C(T )h^β ( ‖u_0‖_{L2(Ω;}˙_Hβ_) + sup_{0≤s≤T} E‖u(s)‖_{L2(Ω;H)} ) . We also consider error estimates in the fully discrete case. Let k be a time step and t_n = nk with n ≥ 1. We define the backward Euler method U^n,

(1.7) U^n − U^{n−1} k + A_hU^n = 1 k ∫_{tn} t_{n−1} P_hσ(U^n) dW (s), n ≥ 1, U^0 = P_hu_0.

With r(λ) = (1 + λ)^{−1}, we can rewrite (1.5) in the form

(1.8)

U^n = r(kA_h)U^{n−1} + ∫_{tn} t_{n−1} r(kA_h)P_hσ(U^n) dW (s), n ≥ 1, U^0 = P_hu_0.

Under the assumptions (i) and (ii^′), in Theorem 4.2, we have, for 0 ≤ γ < β ≤ 1, t_n ∈ [0, T ], (1.9) ‖U^n − u(t_n)‖_{L2(Ω;H)} ≤ C(T )(k^{γ/2} + h^β ) ( ‖u_0‖_{L2(Ω;}˙_Hβ_) + sup_{0≤s≤T} ‖u(s)‖_{L2(Ω;H)} ) . This paper is organized as follows. In Section 2, we consider the regularity of the solution of (1.1). In Section 3, we consider error estimate in semidiscrete case. In Section 4, we consider error estimate in the fully discrete case.

2. Regularity of the mild solution In this section we will consider the regularity of the mild solution of (1.1). We have the following theorem.

Theorem 2.1. Assume that σ satisfies (i) and (ii^′). Let u(t) be the mild solution (??) of (1.1). Then we have, for u_0 ∈ L_2(Ω; Ḣ^β), (2.1) ‖u(t)‖_{L2(Ω;}˙_Hβ_) ≤ C ( ‖u_0‖_{L2(Ω;}˙_Hβ_) + sup_{0≤s≤t} ‖u(s)‖_{L2(Ω;H)} ) . In particular, if σ satisfies (i) and (ii), then we have, for u_0 ∈ L_2(Ω; Ḣ^1), (2.2) ‖u(t)‖_{L2(Ω;}˙_H1_) ≤ C ( ‖u_0‖_{L2(Ω;}˙_H1_) + sup_{0≤s≤t} ‖u(s)‖_{L2(Ω;H)} ) . To prove this theorem, we need some regularity results which are related to the fact that E(t) = e^{−tA} is an analytic semigroup on H. For later use, we collect some results in the next two lemmas, see Thomée [16] or Pazy [12].

Lemma 2.2. For any μ, ν ∈ R and l ≥ 0, there is C > 0 such that (2.3) |D^l_tE(t)v|_ν ≤ Ct^{−(ν−μ)/2−l}|v|_μ, for t > 0, 2l + ν ≥ μ, and (2.4) ∫_t 0 s^μ|D^l_tE(s)v|^2_ν ds ≤ C|v|^2_{l+ν−μ−1}, for t ≥ 0, μ ≥ 0. Lemma 2.3. For any μ ≥ 0, 0 ≤ ν ≤ 1, there is C > 0 such that (2.5) ‖A^μE(t)‖ ≤ Ct^{−μ}, for t > 0, and (2.6) ‖A^{−ν} (I − E(t))‖ ≤ Ct^ν , for t ≥ 0. Proof of Theorem 2.1. Recall that the mild solution has the form u(t) = E(t)u_0 + ∫_t 0 E(t − s)σ(u(s)) dW (s).

Thus, for any β ≥ 0, using the stability of E(t) and the isometry (??),

E|u(t)|^2_β ≤ 2E|E(t)u_0|^2_β + 2E ‖ ‖ ‖ ∫_t 0 A^{β/2}E(t − s) σ(u(s))dW (s) ‖ ‖ ‖^2

= 2E|u_0|^2_β + 2E ∫_t 0 ‖A^{β/2}E(t − s)σ(u(s))‖^2_L0_2 ds = 2E|u_0|^2_β + 2E ∫_t 0 ‖A^{1/2}E(t − s)A^{(β−1)/2}σ(u(s))‖^2_L0_2 ds. By (ii^′) and Lemma 2.2, we have E ∫_t 0 ‖A^{1/2}E(t − s)A^{(β−1)/2}σ(u(s))‖^2_L0_2 ds ≤ ( ∫ t 0 ‖A^{1/2}E(t − s)‖^2 ds ) sup_{0≤s≤t} E‖u(s)‖^2 ≤ C sup_{0≤s≤t} E‖u(s)‖^2. Thus we get E|u(t)|^2_β ≤ C(E|u_0|^2_β + sup_{0≤s≤t} E‖u(s)‖^2),

which implies (2.1) by noting that ( sup_{0≤s≤t} E‖u(s)‖^2 )_{1/2} ≤ sup_{0≤s≤t} ( E‖u(s)‖^2 )_{1/2} = sup_{0≤s≤t} E‖u(s)‖_{L2(Ω;H)}.

In particular, if (ii) holds, then β = 1 and we get (2.2).

Remark 2.1. In Theorem 2.1, if σ(·) = I, the condition (ii^′) reduces to ‖A^{(β−1)/2}‖_L0_2 ≤ C which is the condition used in [18] for the numerical approximation for linear stochastic parabolic partial differential equation.

3. Error estimates in the semidiscrete case In this section we consider error estimates for stochastic partial differential equation in the semidiscrete case. In order to prove our error estimates, we need some nonsmooth data error estimates for the homogeneous deterministic parabolic problem.

Let E_h(t) = e^{−tAh} and E(t) = e^{−tA}. We then have the following error estimates for deterministic parabolic problem, see [18]. Lemma 3.1. Let F_h(t) = E_h(t)P_h − E(t). Then (3.1) ‖F_hv‖_{L∞([0,T ];H)} ≤ Ch^β|v|_β, for v ∈ Ḣ^β, 0 ≤ β ≤ 1, and (3.2) ‖F_hv‖_{L2([0,T ];H)} ≤ Ch^β|v|_{β−1}, for v ∈ Ḣ^{β−1}, 0 ≤ β ≤ 1. Our main result in this section is the following.

Theorem 3.2. Assume that σ satisfies (i) and (ii^′). Let u_h and u be the solutions of (1.2) and (1.1), respectively. Then there is C = C(T ) such that, for t ∈ [0, T ] and u_0 ∈ L_2(Ω; Ḣ^β), (3.3) ‖u_h(t) − u(t)‖_{L2(Ω;H)} ≤ Ch^β ( ‖u_0‖_{L2(Ω;}˙_Hβ_) + sup_{0≤s≤T} E‖u(s)‖_{L2(Ω;H)} ) . In particular, if σ satisfies (i) and (ii), then we have (3.4) ‖u_h(t) − u(t)‖_{L2(Ω;H)} ≤ Ch ( ‖u_0‖_{L2(Ω;}˙_H1_) + sup_{0≤s≤T} E‖u(s)‖_{L2(Ω;H)} ) . Proof. We have, with E(t) = e^{−tA},

u(t) = E(t)u_0 + ∫_t 0 E(t − s)σ(u(s)) dW (s), and, with E_h(t) = e^{−tAh} ,

u_h(t) = E_h(t)P_hu_0 + ∫_t 0 E_h(t − s) P_hσ(u_h(s)) dW (s). Denoting e(t) = u_h(t) − u(t) and F_h(t) = E_h(t)P_h − E(t), we write

e(t) = F_h(t)u_0 + ∫_t 0 F_h(t − s)σ(u(s)) dW (s) + ∫_t 0 E_h(t − s)P_h ( σ(u_h(s) − σ(u(s)) ) dW (s) = I + II + III. Thus ‖e(t)‖_{L2(Ω;H)} ≤ C ( ‖I‖_{L2(Ω;H)} + ‖II‖_{L2(Ω;H)} + ‖III‖_{L2(Ω;H)} ) . For I, we have, by (3.1) with v = u_0, ‖I‖ = ‖F_h(t)u_0‖ ≤ Ch^β|u_0|_β, which implies that ‖I‖_{L2(Ω;H)} ≤ Ch^β‖u_0‖_{L2(Ω;}˙_Hβ_).

For II, we have, by the isometry (??),

‖II‖^2_{L2(Ω;H)} = E ‖ ‖ ‖ ∫_t 0 F_h(t − s)σ(u(s)) dW (s) ‖ ‖ ‖^2 = ∫_t 0 E‖F_h(t − s)A^{(1−β)/2}A^{(β−1)/2}σ(u(s))‖^2_L0_2 ds ≤ ( ∫ t 0 ‖F_h(t − s)A^{(1−β)/2}‖^2 ds ) sup_{0≤s≤t} E‖A^{(β−1)/2}σ(u(s))‖^2_L0_2 .

We will show that (3.5) ∫_t 0 ‖F_h(t − s)A^{−(β−1)/2}‖^2 ds ≤ Ch^{2β} .

Assuming this for the moment, we have, by the growth condition (ii^′),

‖II‖^2_{L2(Ω;H)} ≤ Ch^{2β} sup_{0≤s≤t} E‖A^{(β−1)/2}σ(u(s))‖^2_L0_2 ≤ Ch^{2β} sup_{0≤s≤t} E‖u(s)‖^2.

For III, we have, by the isometry property and the Lipschitz condition (i),

‖III‖^2_{L2(Ω;H)} = E ∫_t 0 ‖ ‖ ‖Eh(t − s)Ph ( σ(u_h(s) − σ(u(s)) )‖ ‖^2_{L02} ds ≤ E ∫_t 0 ‖E_h(t − s)P_h‖^2‖u_h(s) − u(s)‖^2_L0_2 ds ≤ ∫_t 0 E‖e(s)‖^2 ds. Hence ‖e(t)‖^2_{L2(Ω;H)} ≤ Ch^{2β} ( |u_0|^2_β + sup_{0≤s≤t} E‖u(s)‖ ) + C ∫_t 0 ‖e(s)‖^2_{L2(Ω;H)} ds. Then (3.3) follows from Gronwall’s lemma.

It remains to show (3.5). In fact, by the definition of the operator norm and the monotone convergence theorem, we have ∫_t 0 ‖F_h(t − s)A^{−(β−1)/2}‖^2 ds = ∫_t 0 sup_{v≠0} ‖F_h(t − s)A^{−(β−1)/2}v‖^2 ‖v‖^2 ds = sup_{v≠0} ∫_t 0 ‖F_h(t − s)A^{−(β−1)/2}v‖^2 ds ‖v‖^2 . Combining this with (3.2), we show (3.5) and therefore (3.3) holds.

In particular, if (ii) holds then β = 1 and we obtain (3.4).

4. Error estimates in the fully discrete case In this section we will consider the error estimates in the fully discrete case. As in the semidiscrete case, we need some error estimates for the deterministic parabolic problem.

Let E_{kh} = r(kA_h) and E(t) = e^{−tA}, where r(λ) = 1/(1 + λ) is introduced in (1.6). We have, see [18], Lemma 4.1. Let F_n = E^n_{kh}P_h − E(t_n). Then (4.1) ‖F_nv‖ ≤ C(k^{β/2} + h^β )|v|_β, for v ∈ Ḣ^β, 0 ≤ β ≤ 1, and (4.2) ( k n∑ j=1 ‖F_jv‖^2 )_{1/2} ≤ C(k^{β/2} + h^β)|v|_{β−1}, for v ∈ Ḣ^{β−1}, 0 ≤ β ≤ 1. Our main result in this section is the following.

Theorem 4.2. Assume that σ satisfies (i) and (ii^′). Let U^n and u(t_n) be the solutions of (1.6) and (1.1), respectively. Let 0 ≤ γ < β. Then there is C = C(T ) such that, for t_n ∈ [0, T ] and u_0 ∈ L_2(Ω; Ḣ^β), (4.3) ‖U^n − u(t_n)‖_{L2(Ω;H)} ≤ C(k^{γ/2} + h^β) ( ‖u_0‖_{L2(Ω;}˙_Hβ_) + sup_{0≤s≤T} ‖u(s)‖_{L2(Ω;H)} )

In particular, if σ satisfies (i) and (ii), then we have, for u_0 ∈ L_2(Ω; Ḣ^1), and 0 ≤ γ < 1, (4.4) ‖U^n − u(t_n)‖_{L2(Ω;H)} ≤ C(k^{γ/2} + h) ( ‖u_0‖_{L2(Ω;}˙_H1_) + sup_{0≤s≤T} ‖u(s)‖_{L2(Ω;H)} ) . To prove this theorem we need the following regularity result for the solution of (1.1).

Lemma 4.3. Assume that (ii^′) holds. Let u be the mild solution of (1.1). Then we have, for 0 ≤ γ < β ≤ 1, E‖u(t_2) − u(t_1)‖^2 ≤ C(t_2 − t_1)^γ E|u_0|^2_γ

(4.5) + C(t_2 − t_1)^γ sup_{0≤s≤T} E‖u(s)‖^2.

Proof. The weak solution of (1.1) has the form, with E(t) = e^{−tA},

u(t) = E(t)u_0 + ∫_T 0 E(t − s)σ(u(s)) dW (s). Thus we have

u(t_2) − u(t_1) = ( E(t_2)u_0 − E(t_1)u_0 )

+ ( ∫ t2 0 E(t_2 − s)σ(u(s)) dW (s) − ∫_{t1} 0 E(t_1 − s)σ(u(s)) dW (s) ) , = I + II. and therefore E‖u(t_2) − u(t_1)‖^2 ≤ 2E‖I‖^2 + 2E‖II‖^2.

For I, we have, by Lemma 2.3, for 0 ≤ γ ≤ 2, with t_1 ≠ 0, ‖I‖ = ‖E(t_1)A^{−γ/2}(E(t_2) − E(t_1))A^{γ/2}u_0‖

(4.6) ≤ C(t_2 − t_1)^{γ/2}|u_0|_γ , which implies that E‖I‖^2 ≤ C(t_2 − t_1)^γ E|u_0|^2_γ .

For II, we have II = ∫_{t1} 0 ( E(t_2 − s) − E(t_1 − s) ) σ(u(s)) dW (s) + ∫_{t2} t_1 E(t_2 − s)σ(u(s)) dW (s) = II_1 + II_2.

Using (ii^′), isometry, and Lemma 2.3, we have, for 0 ≤ γ < β ≤ 1, E‖II_1‖^2 = E ‖ ‖ ‖ ∫_{t1} 0 ( E(t_2 − s) − E(t_1 − s) ) σ(u(s)) dW (s) ‖ ‖ ‖^2 = ∫_{t1} 0 E ‖ ‖(E(t_2 − s) − E(t_1 − s))A_{(1−β)/2}A_{(β−1)/2}σ(u(s)) ‖ ‖^2 L^0_2 ds ≤ ∫_{t1} 0 ‖ ‖ ‖A^{(1−β)/2} ( E(t_2 − s) − E(t_1 − s) )‖ ‖^2 ds sup_{0≤s≤t1} E‖u(s)‖^2 = ∫_{t1} 0 ‖ ‖A^{(1−β)/2+γ/2}E(t1 − s)A^{−γ/2} ( I − E(t_2 − t_1) )‖ ‖^2 ds sup_{0≤s≤t1} E‖u(s)‖^2 ≤ C(t_2 − t_1)^γ ( ∫ t1 0 (t_1 − s)^{−(1−β)−γ} ds ) sup 0≤s≤t_1 E‖u(s)‖^2 ≤ C(t_2 − t_1)^γ sup_{0≤s≤t1} E‖u(s)‖^2, and E‖II_2‖^2 = ∫_{t2} t_1

E‖A^{(1−β)/2}E(t_2 − s)A^{(β−1)/2}σ(u(s))‖^2_L0_2 ds ≤ C ∫_{t2} t_1

‖A^{(1−β)/2}E(t_2 − s)‖^2 · E‖A^{(β−1)/2}σ(u(s))‖^2_L0_2 ds ≤ C ( ∫ t2 t_1

(t_2 − s)^{β−1} ds ) sup t_1 ≤s≤t_2 E‖u(s)‖^2 ≤ C(t_2 − t_1)^β sup_{t1≤s≤t2} E‖u(s)‖^2, for β > 0.

Hence we get, for 0 ≤ γ < β ≤ 1, E‖II‖^2 ≤ 2E‖II_1‖^2 + 2E‖II_2‖^2 ≤ C(t_2 − t_1)^γ sup_{t1≤s≤t2} E‖u(s)‖^2.

Together these estimates complete the proof.

Proof of Theorem 4.2. We have, by (1.6), with E^n_{kh} = r(kA_h)^n,

U^n = E^n_{kh}P_hu_0 + n∑ j=1 ∫_{tj} t_{j−1} E^{n−j+1} kh P_hσ(U^j ) dW (s),

and, by the definition of the mild solution of (1.1), with E(t) = e^{−tA}, u(t_n) = E(t_n)u_0 + ∫_{tn} 0 E(t_n − s)σ(u(s)) dW (s).

Denoting e^n = U^n − u(t_n) and F_n = E^n_{kh}P_h − E(t_n), we write

e^n = F_nu_0 + n∑ j=1 ∫_{tj} t_{j−1} r(kA_h)^{n−j+1}P_h ( σ(U^j ) − σ(u(t_j)) ) dW (s)

+ n∑ j=1 ∫_{tj} t_{j−1} r(kA_h)^{n−j+1}P_h ( σ(u(t_j)) − σ(u(s)) ) dW (s)

+ n∑ j=1 ∫_{tj} t_{j−1} ( r(kA_h)^{n−j+1}P_h − E(t_n − t_{j−1}) ) σ(u(s)) dW (s)

+ n∑ j=1 ∫_{tj} t_{j−1} ( E(t_n − t_{j−1}) − E(t_n − s) ) σ(u(s)) dW (s)

= 5∑ j=1 I_j.

Thus ‖e^n‖_{L2(Ω;H)} ≤ C 5∑ j=1 ‖I_j‖_{L2(Ω;H)}.

For I_1, we have, by (4.1) with v = u_0,

‖I_1‖ = ‖F_nu_0‖ ≤ C(k^{β/2} + h^β )|u_0|_β,

which implies that ‖I_1‖_{L2(Ω;H)} ≤ C(k^{β/2} + h^β)‖u_0‖_{L2(Ω;}˙_Hβ_).

For I_2, we have, by isometry and the stability of r(λ) and the Lipschitz condition (i),

‖I_2‖^2_{L2(Ω;H)} = E ‖ ‖ n∑ j=1 ∫_{tj} t_{j−1} r(kA_h)^{n−j+1}P_h ( σ(U^j ) − σ(u(t_j)) ) dW (s) ‖ ‖^2

= k n∑ j=1 E ‖ ‖ ‖r(kAh)^{n−j+1}Ph ( σ(U^j ) − σ(u(t_j)) )‖ ‖^2_{L02}

≤ k n∑ j=1 ‖r(kA_h)^{n−j+1}P_h‖^2 E‖σ(U^j ) − σ(u(t_j))‖^2_L0_2

≤ Ck n∑ j=1 E‖U^j − u(t_j)‖^2 = C n∑ j=1 ∫_{tj} t_{j−1} E‖e^j‖^2 ds.

For I_3, we have, by Lemma 4.3, for 0 ≤ γ < β ≤ 1,

‖I_3‖^2_{L2(Ω;H)} = n∑ j=1 ∫_{tj} t_{j−1} E ‖ ‖r(kA_h)_{n−j+1}P_h(σ(u(t_j )) − σ(u(s))) ‖ ‖^2 L^0_2 ds

≤ C n∑ j=1 ∫_{tj} t_{j−1} E‖u(t_j) − u(s)‖^2 ds

≤ C (^n∑ j=1 ∫_{tj} t_{j−1} (t_j − s)^γ ds )( E|u_0|^2_γ + sup_{0≤s≤T} E‖u(s)‖^2 )

≤ Ck^γ ( E|u_0|^2_γ + sup_{0≤s≤T} E‖u(s)‖^2 ) . For I_4, we have

‖I_4‖^2_{L2(Ω;H)} = E ‖ ‖^n∑ j=1 ∫_{tj} t_{j−1} F_{n−j+1}σ(u(s)) dW (s) ‖ ‖^2

= n∑ j=1 ∫_{tj} t_{j−1} E‖F_{n−j+1}A^{(1−β)/2}A^{(β−1)/2}σ(u(s))‖^2_L0_2 ds

≤ C ( k n∑ j=1 ‖F_j A^{(1−β)/2}‖^2 ) sup 0≤s≤T E‖u(s)‖^2. We will show that

(4.7) k n∑ j=1 ‖F_j A^{(1−β)/2}‖^2 ≤ C(k^β + h^{2β} ).

Assuming this for the moment, we get

‖I_4‖^2_{L2(Ω;H)} ≤ C(k^β + h^{2β} ) sup_{0≤s≤T} E‖u(s)‖^2.

For I_5, we have

‖I_5‖^2_{L2(Ω;H)} = E ‖ ‖ ‖ n∑ j=1 ∫_{tj} t_{j−1} (E(t_n − t_{j−1}) − E(t_n − s))σ(u(s)) dW (s) ‖ ‖ ‖^2

= n∑ j=1 ∫_{tj} t_{j−1} E‖(E(t_n − t_{j−1}) − E(t_n − s))A^{(1−β)/2}A^{(β−1)/2}σ(u(s))‖^2_L0_2 ds

≤ C (^n∑ j=1 ∫_{tj} t_{j−1} ‖(E(t_n − t_{j−1}) − E(t_n − s))A^{(1−β)/2}‖^2 ds ) sup 0≤s≤T E‖u(s)‖^2.

Noting that, by Lemmas 2.2 and 2.3, n∑ j=1 ∫_{tj} t_{j−1} ‖(E(t_n − t_{j−1}) − E(t_n − s))A^{(1−β)/2}‖^2 ds

= n∑ j=1 ∫_{tj} t_{j−1} ‖A^{1/2}E(t_n − s)A^{−β/2}(I − E(s − t_{j−1}))‖^2 ds

≤ Ck^β n∑ j=1 ∫_{tj} t_{j−1} ‖A^{1/2}E(t_n − s)‖^2 ds

= Ck^β ∫_{tn} 0 ‖A^{1/2}E(s)‖^2 ds ≤ Ck^β , we have ‖I_5‖^2_{L2(Ω;H)} ≤ Ck^β sup_{0≤s≤T} E‖u(s)‖^2.

It remains to show (4.7). In fact, by (4.2), k n∑ j=1 ‖F_j A^{(1−β)/2}‖^2 = k n∑ j=1 ( sup_{v≠0} ‖F_jA^{(1−β)/2}v‖ ‖v‖ )_2

= sup_{v≠0} k ∑_n j=1 ‖F_jA^{(1−β)/2}v‖^2 ‖v‖^2 ≤ sup_{v≠0}

C(k^β + h^{2β} )|A^{(1−β)/2}v|^2_{β−1} ‖v‖^2 ≤ C(k^β + h^{2β} ).

Together these estimates show, for 0 ≤ γ < β ≤ 1,

E‖e^n‖^2 ≤ C(k^γ + h^{2β} )E|u_0|^2_β + Ck n∑ j=1 E‖e^j‖^2 (4.8)

+ C(k^γ + h^{2β}) sup_{0≤s≤T} E‖u(s)‖^2.

By the discrete Gronwall lemma, we get (4.9) E‖e^n‖^2 ≤ C(k^γ + h^{2β} ) ( E|u_0|^2_β + sup_{0≤s≤T} E‖u(s)‖^2 ) , which implies that, (4.10) ‖e^n‖_{L2(Ω;H)} ≤ C(k^{γ/2} + h^β) ( E|u_0|_{L2(Ω;}˙_Hβ_) + sup_{0≤s≤tn} ‖u(s)‖_{L2(Ω;H)} ) . The proof is now complete.

Acknowledgement. I wish to express my sincere gratitude to my supervisor Dr. Stig Larsson, who suggested the topic of this paper, for his support and valuable criticism.

References

1. R. F. Curtain and P. L. Falb, Ito’s lemma in infinite dimensions, J. Math. Anal. Appl. 31 (1970), 434–448.

2. , Stochastic differential equations in Hilbert space, J. Differential Equations 10 (1971), 412–430. 3. G. Da Prato, Some results on linear stochastic evolution equations in Hilbert spaces by the semigroups method, Stochastic Anal. Appl. 1 (1983), 57–88.

4. G. Da Prato and A. Lunardi, Maximal regularity for stochastic convolutions in L^p spaces, Atti Accad.

Naz. Lincei Cl. Sci. Fis. Mat. Natur. Rend. Lincei (9) Mat. Appl. 9 (1998), 25–29. 5. G. Da Prato and J. Zabczyk, Stochastic Equations in Infinite Dimensions, Cambridge University Press, Cambridge, 1992.

6. A. M. Davie and J. G. Gaines, Convergence of numerical schemes for the solution of parabolic stochastic partial differential equations, Math. Comp. 70 (2001), 121–134.

7. D. A. Dawson, Stochastic evolution equations, Math. Biosci. 15 (1972), 287–316. 8. F. Gozzi, Regularity of solutions of a second order Hamilton-Jacobi equation and application to a control problem, Comm. Partial Differential Equations 20 (1995), 775–826.

9. I. Gyöngy, Lattice approximations for stochastic quasi-linear parabolic partial differential equations driven by space-time white noise. I, Potential Anal. 9 (1998), 1–25.

10. , Lattice approximations for stochastic quasi-linear parabolic partial differential equations driven by space-time white noise. II, Potential Anal. 11 (1999), 1–37.

11. E. Hausenblas, Approximation for semilinear stochastic evolution equation, Potential Anal. 18 (2003), 141–186.

12. A. Pazy, Semigroups of Linear Operators and Applications to Partial Differential Equations, Springer- Verlag, New York, 1983.

13. S. Peszat and J. Zabczyk, Stochastic evolution equations with a spatially homogeneous Wiener process, Stochastic Process. Appl. 72 (1997), 187–204.

14. J. Printems, On the discretization in time of parabolic stochastic partial differential equations, M2AN Math. Model. Numer. Anal. 35 (2001), 1055–1078.

15. T. Shardlow, Numerical methods for stochastic parabolic PDEs, Numer. Funct. Anal. Optim. 20 (1999), 121–145.

16. V. Thomée, Galerkin Finite Element Methods for Parabolic Problems, Springer-Verlag, Berlin, 1997. 17. J. B. Walsh, An Introduction to Stochastic Partial Differential Equations, Lecture Notes in Math., vol.

1180, Springer, Berlin, 1986, pp. 265–439.

18. Y. Yan, Finite element method for some linear stochastic parabolic partial differential equations driven by additive noise, Preprint 2003–07, Chalmers Finite Element Center, Chalmers University of Technology.

Chalmers Finite Element Center Preprints

2001–01 A simple nonconforming bilinear element for the elasticity problem Peter Hansbo and Mats G. Larson 2001–02 The LL^∗ finite element method and multigrid for the magnetostatic problem Rickard Bergström, Mats G. Larson, and Klas Samuelsson 2001–03 The Fokker-Planck operator as an asymptotic limit in anisotropic media Mohammad Asadzadeh 2001–04 A posteriori error estimation of functionals in elliptic problems: experiments Mats G. Larson and A. Jonas Niklasson 2001–05 A note on energy conservation for Hamiltonian systems using continuous time finite elements Peter Hansbo 2001–06 Stationary level set method for modelling sharp interfaces in groundwater flow Nahidh Sharif and Nils-Erik Wiberg 2001–07 Integration methods for the calculation of the magnetostatic field due to coils Marzia Fontana 2001–08 Adaptive finite element computation of 3D magnetostatic problems in potential formulation Marzia Fontana 2001–09 Multi-adaptive galerkin methods for ODEs I: theory & algorithms Anders Logg 2001–10 Multi-adaptive galerkin methods for ODEs II: applications Anders Logg 2001–11 Energy norm a posteriori error estimation for discontinuous Galerkin methods Roland Becker, Peter Hansbo, and Mats G. Larson 2001–12 Analysis of a family of discontinuous Galerkin methods for elliptic problems: the one dimensional case Mats G. Larson and A. Jonas Niklasson 2001–13 Analysis of a nonsymmetric discontinuous Galerkin method for elliptic problems: stability and energy error estimates Mats G. Larson and A. Jonas Niklasson 2001–14 A hybrid method for the wave equation Larisa Beilina, Klas Samuelsson and Krister Åhlander 2001–15 A finite element method for domain decomposition with non-matching grids Roland Becker, Peter Hansbo and Rolf Stenberg 2001–16 Application of stable FEM-FDTD hybrid to scattering problems Thomas Rylander and Anders Bondeson 2001–17 Eddy current computations using adaptive grids and edge elements Y. Q. Liu, A. Bondeson, R. Bergström, C. Johnson, M. G. Larson, and K. Samuelsson 2001–18 Adaptive finite element methods for incompressible fluid flow Johan Hoffman and Claes Johnson 2001–19 Dynamic subgrid modeling for time dependent convection–diffusion–reaction equations with fractal solutions Johan Hoffman

2001–20 Topics in adaptive computational methods for differential equations Claes Johnson, Johan Hoffman and Anders Logg 2001–21 An unfitted finite element method for elliptic interface problems Anita Hansbo and Peter Hansbo 2001–22 A P^2–continuous, P^1–discontinuous finite element method for the Mindlin- Reissner plate model Peter Hansbo and Mats G. Larson 2002–01 Approximation of time derivatives for parabolic equations in Banach space: constant time steps Yubin Yan 2002–02 Approximation of time derivatives for parabolic equations in Banach space: variable time steps Yubin Yan 2002–03 Stability of explicit-implicit hybrid time-stepping schemes for Maxwell’s equations Thomas Rylander and Anders Bondeson 2002–04 A computational study of transition to turbulence in shear flow Johan Hoffman and Claes Johnson 2002–05 Adaptive hybrid FEM/FDM methods for inverse scattering problems Larisa Beilina 2002–06 DOLFIN - Dynamic Object oriented Library for FINite element computation Johan Hoffman and Anders Logg 2002–07 Explicit time-stepping for stiff ODEs Kenneth Eriksson, Claes Johnson and Anders Logg 2002–08 Adaptive finite element methods for turbulent flow Johan Hoffman 2002–09 Adaptive multiscale computational modeling of complex incompressible fluid flow Johan Hoffman and Claes Johnson 2002–10 Least-squares finite element methods with applications in electromagnetics Rickard Bergström 2002–11 Discontinuous/continuous least-squares finite element methods for elliptic problems Rickard Bergström and Mats G. Larson 2002–12 Discontinuous least-squares finite element methods for the Div-Curl problem Rickard Bergström and Mats G. Larson 2002–13 Object oriented implementation of a general finite element code Rickard Bergström 2002-14 On adaptive strategies and error control in fracture mechanics Per Heintz and Klas Samuelsson 2002-15 A unified stabilized method for Stokes’ and Darcy’s equations Erik Burman and Peter Hansbo 2002-16 A finite element method on composite grids based on Nitsche’s method Anita Hansbo, Peter Hansbo and Mats G. Larson 2002-17 Edge stabilization for Galerkin approximations of convection–diffusion problems Erik Burman and Peter Hansbo

2002-18 Adaptive strategies and error control for computing material forces in fracture mechanics Per Heintz, Fredrik Larsson, Peter Hansbo and Kenneth Runesson 2002-19 A variable diffusion method for mesh smoothing J. Hermansson and P. Hansbo 2003-01 A hybrid method for elastic waves L.Beilina 2003-02 Application of the local nonobtuse tetrahedral refinement techniques near Fichera-like corners L.Beilina, S.Korotov and M. Křížek 2003-03 Nitsche’s method for coupling non-matching meshes in fluid-structure vibration problems Peter Hansbo and Joakim Hermansson 2003-04 Crouzeix–Raviart and Raviart–Thomas elements for acoustic fluid–structure interaction Joakim Hermansson 2003-05 Smoothing properties and approximation of time derivatives in multistep backward difference methods for linear parabolic equations Yubin Yan 2003-06 Postprocessing the finite element method for semilinear parabolic problems Yubin Yan 2003-07 The finite element method for a linear stochastic parabolic partial differential equation driven by additive noise Yubin Yan 2003-08 A finite element method for a nonlinear stochastic parabolic equation Yubin Yan

These preprints can be obtained from

www.phi.chalmers.se/preprints