FINITE ELEMENT CENTER

PREPRINT 2003–12

A Lagrange multiplier method for the finite element solution of elliptic domain decomposition problems using non-matching meshes

Peter Hansbo, Carlo Lovadina, Ilaria Perugia, and Giancarlo Sangalli

Chalmers Finite Element Center CHALMERS UNIVERSITY OF TECHNOLOGY Göteborg Sweden 2003

CHALMERS FINITE ELEMENT CENTER

Preprint 2003–12

A Lagrange multiplier method for the finite element solution of elliptic domain decomposition problems using non-matching meshes

Peter Hansbo, Carlo Lovadina, Ilaria Perugia, and Giancarlo Sangalli

Chalmers Finite Element Center Chalmers University of Technology SE–412 96 Göteborg Sweden Göteborg, August 2003

A Lagrange multiplier method for the finite element solution of elliptic domain decomposition problems using non-matching meshes Peter Hansbo, Carlo Lovadina, Ilaria Perugia, and Giancarlo Sangalli NO 2003–12 ISSN 1404–4382

Chalmers Finite Element Center Chalmers University of Technology SE–412 96 Göteborg Sweden Telephone: +46 (0)31 772 1000 Fax: +46 (0)31 772 3595

www.phi.chalmers.se

Printed in Sweden Chalmers University of Technology Göteborg, Sweden 2003

A LAGRANGE MULTIPLIER METHOD FOR THE FINITE ELEMENT SOLUTION OF ELLIPTIC DOMAIN DECOMPOSITION PROBLEMS USING NON-MATCHING MESHES

PETER HANSBO, CARLO LOVADINA, ILARIA PERUGIA, AND GIANCARLO SANGALLI

Abstract. In this paper we propose a Lagrange multiplier method for the finite element solution of elliptic partial differential equations using domain decomposition with non-matching meshes. The interface Lagrange multiplier is discretized by means of global polynomials, in order to avoid the cumbersome integration of products of unrelated mesh functions. The ideas are illustrated using Poisson’s equation as a model, and the proposed method is shown to be stable and optimally convergent. Numerical experiments demonstrating the theoretical results are also presented.

1. Introduction

When considering domain decomposition with non-matching meshes using Lagrange multiplier techniques, two basic problems occur. First and foremost, the relation between the discrete spaces chosen for the primal variable and the multipliers must be such that the resulting numerical scheme is stable. Proving stability reduces to proving that the approximate solution fulfills the inf-sup condition [5]; it then turns out that many natural choices of approximations do not. Fortunately, this problem can be alleviated by use of stabilized multiplier methods [9, 11, 1, 4], or by using mesh-dependent penalty methods [2, 3]. The second problem is that products of traces of the primal variable and the multipliers have to be integrated on the interfaces. For methods known to fulfill the inf-sup condition, such as the mortar element method (see [12] for an overview of such methods), as well as most stabilized methods, this will mean integrating products of piecewise polynomials on unrelated meshes. This is not easily done in practice for problems in R^3 (see, however, [10]). To mitigate these two problems, we suggest a stabilization method which allows for global polynomial multipliers on the interfaces. This method is stable and optimally

Date: August 12, 2003.

Key words and phrases. Incompressible elasticity, discontinuous Galerkin, Nitsche’s method, a priori error estimates.

Peter Hansbo, Department of Applied Mechanics, Chalmers University of Technology, S–412 96 Göteborg, Sweden, email: hansbo@solid.chalmers.se

Carlo Lovadina, Dipartimento di Matematica, Università di Pavia, Via Ferrata 1, 27100 Pavia, Italy, email: lovadina@dimat.unipv.it

Ilaria Perugia, Dipartimento di Matematica, Università di Pavia, Via Ferrata 1, 27100 Pavia, Italy, email: perugia@dimat.unipv.it

Giancarlo Sangalli, Istituto di Matematica Applicata e Tecnologie Informatiche del C.N.R. Via Ferrata 1, 27100 Pavia, Italy, email: sangalli@imati.cnr.it. 1

convergent, and, moreover, avoids the cumbersome integration of products of unrelated mesh functions. Only products of global polynomials and local polynomials have to be considered; this makes the integration problem much simpler in many cases. The method is presented and analyzed using a two-dimensional Poisson equation as a model with two subdomains. Form a geometric point of view, two situations can occur: the case where the intersections of the boundaries of both subdomains with the outer boundary have non-zero 1D measure, and the case where the interface is a closed curve (see Fig. 1 below). We point out that the stability analysis of the former case, for which similar arguments as in [1] could be applied, is simpler than that of the latter case. In this paper we present an analysis that covers both cases.

As a basic motivation for this work, we have in mind the contact problem in elasticity. In standard commercial codes for computing contact between two elastic bodies, the contact condition is only checked at the nodes either on one or on both of the bodies. This corresponds to choosing discrete Lagrange multipliers which is not natural from the perspective of the variational formulation of the problem. The stability and convergence properties of these approaches are in general not known, and the results have to be carefully interpreted, which requires some experience. Furthermore, in our experience, plenty of choices have to be made in discretizing the interface, choosing the master surface, etc. An obvious reason for choosing discrete multipliers is that it makes the integration problem particularly easy; as mentioned above this is also the aim of the method to be presented.

One could interpret our approach as covering the contact surface with a polynomial layer which acts as an intermediate between the two surfaces (which do not have to be known in advance). Even though this results in a global coupling of all the variables on the contact surface, the typical contact application has a small zone of contact and the global coupling will not cause the problem to grow excessively in size.

The outline of the paper is as follows. In Section 2 the interface Lagrange multiplier method with global polynomial discretization of the multiplier is presented, after introducing the model problem together with some notation, and discussing the motivation of the present work. The stability and error analysis of the new method is carried out in Section 3, and numerical experiments demonstrating the theoretical results are presented in Section 4. The paper ends with some conclusions in Section 5.

2. Formulation of the method

In this section we introduce a novel interface Lagrange multiplier method for the finite element discretization of elliptic problems on non-matching grids. Before doing that, we make precise the model problem we will be working on, together with some notation and motivation of the present work.

2.1. Model problem. Let Ω be a bounded domain in R^2, with boundary ∂Ω. (The extension to R^3 is straightforward.) As a model problem, we consider a stationary heat conduction problem in the case where there is a piecewise smooth internal boundary Γ dividing Ω into two subdomains Ω_1 and Ω_2. Thus, we want to solve for u the problem

(2.1)

−∇ · (κ_i∇u_i) = f in Ω_i, u_i = 0 on ∂Ω_i ∩ ∂Ω, u_1 − u_2 = 0 on Γ, n_1 · κ_1∇u_1 + n_2 · κ_2∇u_2 = 0 on Γ,

for i = 1, 2, where we have denoted by u_i the restriction of u to Ω_i. Here f is a given function, κ_i, which is assumed to be smooth in Ω_i, is the conductivity, and n_i is the outward pointing normal to Ω_i at Γ, i = 1, 2. This formulation of the standard Poisson problem is common in the context of domain decomposition problems, cf. [7].

Define V = {v : v_i ∈ H^1(Ω_i), v_i = 0 on ∂Ω_i \ Γ, i = 1, 2} and Λ = ( H^{1/2}_{00} (Γ)

)_′ , the dual space of H^{1/2}_{00} (Γ) (see, e.g., [8]). Notice that, whenever Γ ∩ ∂Ω = ∅ (see Fig. 1, right), H^{1/2}_{00} (Γ) coincides with H^{1/2}(Γ) and Λ = H^{−1/2}(Γ).

A weak form of (2.1) using the Lagrange multiplier approach is as follows: Find (u, λ) ∈ V × Λ such that

(2.2) ∑ i ∫ Ω_i

κ_i∇u_i · ∇v_i dx + ∫ Γ λ [v] ds = ∑ i ∫ Ω_i

f v_i dx ∀v ∈ V, ∫ Γ [u] μ ds = 0 ∀μ ∈ Λ,

where [v] := (v_1 − v_2)|_Γ is the jump of v across Γ. Notice that

λ = −κ_1∇u_1 · n_1 = κ_2∇u_2 · n_2 on Γ.

2.2. Notation. We introduce the necessary notation for the definition of the method we are going to present and its subsequent analysis, focusing, for simplicity, on the case of triangular elements. Therefore, we assume that we are given a triangular mesh T^h_i of the domain Ω_i, i = 1, 2. We denote by h_i the meshsize of T^h_i . Obviously, T^h = T^h_1 ∪ T^h_2 provides a mesh for Ω, whose meshsize is h = max{h_1, h_2}. We introduce the finite element space V^h = {v ∈ V : v|_K ∈ P^k(K), ∀K ∈ T^h}, where P^k(K) denotes the space of polynomials of degree at most k on K, with k ≥ 1.

The interface Γ is decomposed as the union Γ = ⋃ Γ_j of n_Γ smooth components Γ_j of length ℓ_j (see Fig. 1). We associate with each Γ_j the non-negative integer p_j and define for later use p := [p_1, . . . , p_{nΓ} ]. On Γ, we introduce the space

Λ^p = {μ ∈ Λ : μ|_{Γj} ∈ P^{pj} (Γ_j), j = 1, . . . , n_Γ},

where P^{pj} (Γ_j) denotes the space of polynomials of degree at most p_j on Γ_j, with respect to a local coordinate. Notice that the elements of Λ^p can be discontinuous at the endpoints of the Γ_j’s. We also remark that two different situations can occur from a geometric point of view:

(1) both ∂Ω_1 ∩ ∂Ω and ∂Ω_2 ∩ ∂Ω have nonzero 1-D measure (see Fig. 1, left); (2) either ∂Ω_1 ∩ ∂Ω or ∂Ω_2 ∩ ∂Ω has zero 1-D measure (see Fig. 1, right).

As we will see in the next section, the stability analysis is more difficult for the second case.

Figure 1. Two different geometric situations.

2.3. Background. A standard penalty method for domain decomposition problems is the following (cf. [2]):

Find u^h ∈ V^h such that

(2.3) ∑ i ∫ Ω_i

κ_i∇u^h_i · ∇v_i dx + ∫ Γ γ [u^h] [v] ds = ∑ i ∫ Ω_i

f v_i dx ∀v ∈ V^h.

There is a consistency error present in (2.3), but by letting γ depend inversely on the meshsize, i.e., γ = Ch^{−α}, for suitable values of α this consistency error will not dominate the discretization error in energy-like norms (see [3] for an extensive investigation).

The main problem of implementation of (2.3) is how to evaluate integrals of the type ∫ Γ u^h_i v_j ds, i ≠ j,

especially in three dimensions. If quadrature is used, we have an expensive search problem in locating elements in the mesh on Ω_i containing quadrature points in the elements of the mesh on Ω_j . Exact integration is within reach; Priestley [10] has made an implementation of exact quadrature in the case of triangular surface meshes with common boundary. Here we take an alternative route which greatly simplifies the implementation, by introducing a suitable multiplier on the interface Γ.

Therefore, starting from (2.3), one could consider the following inconsistent perturbed Lagrange multiplier method:

Find (u^h, λ^p) ∈ V^h × Λ^p such that

(2.4) ∑ i ∫ Ω_i

κ_i∇u^h_i · ∇v_i dx + ∫ Γ λ^p [v] ds = ∑ i ∫ Ω_i

f v_i dx ∀v ∈ V^h, ∫ Γ [u^h] μ ds − ∫ Γ 1 γ λ^p μ ds = 0 ∀μ ∈ Λ^p.

Now, as γ → ∞ the problem will be a standard saddle-point problem which requires balancing between the discrete spaces for λ^p and u^h which have to fulfill a Babus̆ka-Brezzi condition [5]. Again, we can let γ = Ch^{−α}, so that the problem of balancing Λ^p and V^h is alleviated. We can thus freely use the rule of thumb that the number of degrees of freedom of Λ^p should approximately match the number of degrees of freedom on Γ from the meshes adjacent to it. Furthermore, the product of basis functions and global polynomials can easily be integrated exactly, at least for simplicial elements.

On the other hand, due to inconsistency, the formulation (2.4) exhibits a loss of accuracy, as our numerical results in Section 4 indicate. It also requires coupling the parameter α to the polynomial degree of approximation, which is detrimental to the conditioning of the system. In order to overcome these drawbacks, we are going to present a consistent version of (2.4).

2.4. The consistent method: A Nitsche-type interface condition. The classical method of Nitsche [9] for handling Dirichlet boundary conditions weakly was extended to the case of domain decomposition with non-matching meshes by Becker, Hansbo and Stenberg [4]. The problem of having to integrate products of functions on one side of the interface with functions on the other side is present also in their method. However, Nitsche-type methods are consistent and thus optimally convergent with a fixed “penalty” parameter of O(h^{−1}), which does not destroy the conditioning of the resulting system. Thus, there could be some advantages to formulating a Nitsche-type interface formulation using the interjacent polynomial multiplier space. To this end we define n := n_1 = −n_2 on Γ and

{u} := αu_1 + (1 − α)u_2,

where 0 ≤ α ≤ 1, and propose the following method: Find (u^h, λ^p) ∈ V^h × Λ^p such that

(2.5) ∑ i ∫ Ω_i

κ_i∇u^h_i · ∇v_i dx + ∫ Γ λ^p [v] ds = ∑ i ∫ Ω_i

f v_i dx ∀v ∈ V^h, ∫ Γ [u^h] μ ds − ∫ Γ 1 γ { n · κ∇u^h } μ ds − ∫ Γ 1 γ λ^p μ ds = 0 ∀μ ∈ Λ^p.

We note that (2.5) is a consistent method: inserting a sufficiently regular analytical solution (u, λ) in the place of (u^h, λ^p), since formally λ = −κ_1∇u_1 · n_1 = κ_2∇u_2 · n_2 on Γ, we find that ∑ i ∫ Ω_i

κ_i∇(u_i − u^h_i ) · ∇v_i dx + ∫ Γ (λ − λ^p) [v] ds = 0, ∫ Γ [u − u^h] μ ds − ∫ Γ 1 γ { n · κ∇(u − u^h) } μ ds − ∫ Γ 1 γ (λ − λ^p) μ ds = 0,

for all v ∈ V^h and μ ∈ Λ^p. We rephrase this property in abstract form in the following lemma, where we set

B^h(w, ν; v, μ) := ∑ i ∫ Ω_i

κ_i∇w_i · ∇v_i dx + ∫ Γ ν [v] ds − ∫ Γ [w] μ ds + ∫ Γ 1 γ {n · κ∇w} μ ds + ∫ Γ 1 γ ν μ ds.

Lemma 1. The method (2.5) is consistent in the sense that

B^h(u − u^h, λ − λ^p; v, μ) = 0,

for all v ∈ V^h and μ ∈ Λ^p.

Remark 1. A drawback of the method (2.5) is that it is unsymmetric. However, in the cases of α = 0 and α = 1, it can be symmetrized without introducing integration of cross terms across the interface and without altering the consistency. The symmetric and consistent formulation reads as follows: ∑ i ∫ Ω_i

κ_i∇u^h_i · ∇v_i dx + ∫ Γ λ^p [v] ds − ∫ Γ 1 γ λ^p(n_j · κ_j∇v_j ) ds − ∫ Γ 1 γ (n_j · κ_j ∇u^h_j )(n_j · κ_j ∇v_j ) ds = ∑ i ∫ Ω_i

f v_i dx ∀v ∈ V^h, ∫ Γ [u^h] μ ds − ∫ Γ 1 γ (n_j · κ_j ∇u^h_j )μ ds − ∫ Γ 1 γ λ^p μ ds = 0 ∀μ ∈ Λ^p,

with subscript j = 2 if α = 0, and j = 1 if α = 1. We remark that, as pointed out in the discussion after Theorem 1 below, α = 0 and α = 1 are reasonable choices and in particular the sole choices which gives the best convergence results whenever the characteristic meshsizes of the two domains are significantly different from each other. An additional reason for using the symmetric formulation is its adjoint consistency, which is useful whenever duality arguments need to be applied.

3. Analysis of the method In this section we develop stability analysis and derive error estimates of method (2.5).

The analysis will show that, in the particular case of quasi-uniform meshes T^h of size h, the choice of the polynomial approximation orders for λ that give the best error estimate is p_j ≈ ℓ_j/h, j = 1, . . . , n_Γ. In correspondence to that, and for γ of the order of h^{−1}, for analytical solutions in H^{s+1}(Ω_i) for each subdomain Ω_i, we obtain the optimal error estimate |‖(u − u^h, λ − λ^p)‖| ≤ Ch^{min{k,s}} ∑ i |u_i|_Hs+1_{(Ωi)},

where |‖ · ‖| is an energy-like norm, and C is a positive constant independent of h. More in general, the estimates we will derive take into account the local meshsize and material properties. This provides criteria on how to select the parameter γ and the polynomial approximation degrees p_j , j = 1, . . . , n_Γ, in the most advantageous way, also in the case of meshes of different sizes in the different subdomains Ω_i.

3.1. Stability. Defining the (weighted) broken H^1–norm

‖w‖_V = ( ∑ i ‖κ^{1/2}_i ∇w_i‖^2_{L2(Ωi)} + ‖aw‖^2_{L2(Ω)}

)_{1/2} , with a = κ^{1/2}/diam(Ω), we introduce the norm

|‖(w, ν)‖| := ( ‖w‖^2_V + ‖γ^{−1/2}ν‖^2_{L2(Γ)}

)_{1/2} , where γ is the function of L^∞(Γ) defined as follows. Denote by N_Γ the set of nodes of T^h_1 and T^h_2 lying on Γ. Fix a point x on Γ \ N_Γ and let K_1 and K_2 be the two elements of T^h_1 and T^h_2 , respectively, such that the interior of ∂K_1 ∩ ∂K_2 ∩ Γ is non empty and x ∈ ∂K_1 ∩ ∂K_2 ∩ Γ. Denote by h_{K1} and h_{K2} the diameters of K_1 and K_2, respectively. For x ∈ Γ \ N_Γ, we define

γ(x) = γ_0 max{ακ_1(x)h^{−1}_{K1} , (1 − α)κ_2(x)h^{−1}_{K2} },

with γ_0 constant independent on the meshsize and the material properties. Restrictions on γ_0 will be made precise later on. Notice that γ is defined almost everywhere on Γ.

Define the constant k as the mean value of the function κ on Ω and b := (

k/diam(Ω)

)_{1/2} . On the interface Γ, we will use the norm

⌊⌉φ⌊⌉_{1/2,Γ} := ( ‖bφ‖^2_{L2(Γ)} + |k^{1/2}φ|^2_{H1/200 (Γ)}

)_{1/2} , together with its dual denoted by ⌊⌉·⌊⌉_{−1/2,Γ}. We recall that, whenever Γ∩∂Ω = ∅, |·|_H1/2_{00 (Γ)} coincides with | · |_H1/2_{(Γ)} (see [8]).

Remark 2. The norm ⌊⌉ · ⌊⌉_{1/2,Γ} is the natural norm for the traces on Γ of functions belonging to V , when V is endowed with the ‖ · ‖_V –norm.

We proceed by proving continuity and inf-sup properties of the form B^h. In the sequel C, C_1, . . . denote generic strictly positive constants possibly depending on the shape of the domain, on the shape regularity of the meshes, on the quantity max κ/ min κ, and on the polynomial approximation degrees of V^h, but independent of the meshsize and of p.

Proposition 1. For all w, v ∈ V , ν, μ ∈ Λ we have

(3.1) B^h(w, ν; v, μ) ≤ C ( |‖(w, ν)‖| + ‖γ^{1/2}[w]‖_{L2(Γ)} + ⌊⌉ν⌊⌉_{−1/2,Γ} ) |‖(v, μ)‖|.

Proof. The bound follows from the Cauchy-Schwarz inequality and from ⌊⌉[w]⌊⌉_{1/2,Γ} ≤ ⌊⌉w_1⌊⌉_{1/2,Γ} + ⌊⌉w_2⌊⌉_{1/2,Γ} ≤ C‖w‖_V (see Remark 1). □ Proposition 2. Provided that γ_0 is large enough (see Remark 2 below), for all (w, ν) ∈ V^h × Λ^p there is (v, μ) ∈ V^h × Λ^p such that |‖(v, μ)‖| ≤ C_1|‖(w, ν)‖|, B^h(w, ν; v, μ) ≥ C_2|‖(w, ν)‖|^2, Proof. Define P^0(Γ) as the space of constants on the whole interface Γ. Let (w, ν) ∈ V^h×Λ^p and take (v, μ) ∈ V^h × Λ^p as v = w and μ = μ_1 + δμ_2, with μ_1 = ν and μ_2 = −b^2Π_0[w], where Π_0 is the L_2(Γ)–projection operator onto P^0(Γ), and δ is a positive parameter still at our disposal. From the definition of μ_2, the bound bγ^{−1/2} ≤ Cγ^{−1/2}_0 , and a trace inequality, we have

‖γ^{−1/2}μ_2‖_{L2(Γ)} = b‖(bγ^{−1/2})Π_0[w]‖_{L2(Γ)} ≤ Cγ^{−1/2}_0 b‖[w]‖_{L2(Γ)} ≤ Cγ^{−1/2}_0 ‖w‖_V . The continuity estimate |‖(v, μ)‖| ≤ C_1|‖(w, ν)‖| immediately follows.

For the coercivity, we proceed in two steps. First, from the definition of v and μ_1 we have

B^h(w, ν; v, μ_1) = ∑ i ‖κ^{1/2}_i ∇w_i‖^2_{L2(Ωi)} + ∫ Γ 1 γ {n · κ∇w} ν ds + ‖γ^{−1/2}ν‖^2_{L2(Γ)}.

By combining a weighted Cauchy-Schwarz inequality with the inverse inequality (3.2) ‖κ^{−1/2}_i h^{1/2}_i n_i · κ_i∇w_i‖^2_{L2(Γ)} ≤ C_I ‖κ^{1/2}_i ∇w_i‖^2_{L2(Ωi)}, ∀w ∈ V^h_i , i = 1, 2, provided that γ_0 > C_I /4, making use of the Young inequality, we obtain (3.3) B^h(w, ν; v, μ_1) ≥ C ( ∑ i ‖κ^{1/2}_i ∇w_i‖^2_{L2(Ωi)} + ‖γ^{−1/2}ν‖^2_{L2(Γ)} ) , where C depends on C_I and γ_0, but is independent of the meshsize.

For the second step, we can write B^h(w, ν; 0, μ_2) = ∫ Γ b [w] b Π_0[w] ds − ∫ Γ b^2γ^{−1} {n · κ∇w} Π_0[w] ds − ∫ Γ b^2γ^{−1} ν Π_0[w] ds

= ‖b Π_0[w]‖^2_{L2(Γ)} − ∫ Γ b^2γ^{−1} {n · κ∇w} Π_0[w] ds − ∫ Γ b^2γ^{−1} ν Π_0[w] ds.

Using suitably weighted Cauchy-Schwarz inequalities for the last two integrals and the inverse inequality (3.2), we obtain (3.4) B^h(w, ν; 0, μ_2) ≥ 1 2 ‖b Π_0[w]‖^2_{L2(Γ)} −

CC_I γ^2_0 ∑ i ‖κ^{1/2}_i ∇w_i‖^2_{L2(Ωi)} − C γ_0

‖γ^{−1/2}ν‖^2_{L2(Γ)}.

By adding together (3.3) and (3.4) multiplied by δ, and taking δ small enough (depending on the constants C, C_I and γ_0), we obtain

(3.5) B^h(w, ν; v, μ) ≥ C_3 ( ∑ i ‖κ^{1/2}_i ∇w_i‖^2_{L2(Ωi)} + ‖b Π_0[w]‖^2_{L2(Γ)} + ‖γ^{−1/2}ν‖^2_{L2(Γ)} ) , with a positive constant C_3 only depending on C_I and γ_0, therefore independent of the meshsize.

In order to complete the proof of the proposition, we need to show that

(3.6) ‖aw‖^2_{L2(Ω)} ≤ C ( ∑ i ‖κ^{1/2}_i ∇w_i‖^2_{L2(Ωi)} + ‖b Π_0[w]‖^2_{L2(Γ)} ) , with a constant C independent of the meshsize. Then, the coercivity estimate B^h(w, ν; v, μ) ≥ C_2|‖(w, ν)‖|^2 easily follows. In the case where both ∂Ω_1 and ∂Ω_2 contain a part of the Dirichlet boundary with nonzero 1–dimensional measure (see Fig. 1, left), the estimate (3.6) directly follows from the standard Poincaré’s inequality. On the other hand, if either of ∂Ω_1 or ∂Ω_2 does not contain a part of the Dirichlet boundary with nonzero 1–dimensional measure (see Fig. 1, right), we still make use of the Poincaré inequality, but the proof is not straightforward. We develop this case in detail.

Assume, to fix the ideas, that ∂Ω_2 does not intersect ∂Ω. Then, ∂Ω_1 contains the Dirichlet boundary. Therefore, the following Poincaré’s inequality holds true:

(3.7) ‖w_1‖_{L2(Ω1)} ≤ C diam(Ω_1) ‖∇w_1‖_{L2(Ω1)}.

Write w_2 as (w_2 − Π_0w_{2|Γ} ) + Π_0w_{2|Γ} , where Π_0w_{2|Γ} is the constant function on Ω_2 equal to the mean value of the trace of w_2 on Γ. The Poincaré’s inequality

‖w_2 − Π_0w_{2|Γ} ‖_{L2(Ω2)} ≤ C diam(Ω_2) ‖∇w_2‖_{L2(Ω2)}

follows from Bramble-Hilbert’s lemma applied to the operator π : H^1(Ω_2) → L_2(Ω_2) defined by π(w) = w − Π_0w_{|Γ} , which is zero on P^0(Ω_2), the space of constants on Ω_2. Therefore,

‖w_2‖_{L2(Ω2)} ≤ ‖w_2 − Π_0w_{2|Γ} ‖_{L2(Ω2)} + ‖Π_0w_{2|Γ} ‖_{L2(Ω2)}

≤ C diam(Ω_2) ‖∇w_2‖_{L2(Ω2)} + ( |Ω_2|/|Γ|

)_{1/2} ‖Π_0w_2‖_{L2(Γ)}

≤ C diam(Ω_2) ( ‖∇w_2‖_{L2(Ω2)} + ‖Π_0w_2 − Π_0w_1‖_{L2(Γ)} + ‖Π_0w_1‖_{L2(Γ)} ) ≤ C diam(Ω_2) ( ‖∇w_2‖_{L2(Ω1)} + ‖Π_0[w]‖_{L2(Γ)} + ‖∇w_1‖_{L2(Ω1)} ) , (3.8)

where in the last step we have used a trace theorem and (3.7). Estimates (3.7) and (3.8) immediately give (3.6). □

Remark 3. From the proof of Proposition 2, it is clear that γ_0 in the definition of γ has to be chosen larger than C_I /4, where C_I is the inverse inequality constant in (3.2), which only depends on the shape regularity of the meshes and on the polynomial approximation degree for the variable u.

Remark 4. Notice that the proof of the stability result stated in Proposition 2 only requires that the discretization space Λ^p contains the globally constant functions on Γ, an assumption which is obviously fulfilled by every reasonable choice of Λ^p.

3.2. Error Analysis. We derive error estimates for the method (2.5) in a standard way from the results proven in Proposition 1 and 2.

Theorem 1. Assume u_i ∈ H^{s+1}(Ω_i), i = 1, 2, with s > 1/2. Denote by T^h_i , i = 1, 2, the union of the elements contained in Ω_i and having one side on Γ and, for any K ∈ T^h_1 ∪ T^h_2 , define γ_K := max_{x∈∂K∩Γ}γ. We have

(3.9)

|‖(u − u^h, λ − λ^p)‖| ≤ C (

k

∑ K∈T^h

h^{2 min{k,s}}

K |u|^2_Hs+1_{(K)} + ∑ K∈T^h_1 ∪T^h_2

γ_K h^{2 min{k,s}+1}

K |u|^2_Hs+1_{(K)}

+ ∑ j (

k^{−1}ℓ^{2s}_j p^{−2s}_j + sup_{x∈Γj} γ^{−1}ℓ^{2s−1}_j p^{−(2s−1)}_j

) |λ|^2_{Hs−1/2(Γj )}

)_{1/2} , with a positive constant C independent of the meshsize and of p.

We briefly comment on the result of Theorem 1 before showing its proof. • Assume that T^h is quasi-uniform and denote by h its characteristic meshsize. Then, from (3.9), it is clear that the optimal choice of the polynomial approximation is p_j ≈ ℓ_j/h, j = 1, . . . , n_Γ. In this case, estimate (3.9) becomes

|‖(u − u^h, λ − λ^p)‖| ≤ Ck^{1/2}h^{min{k,s}} ∑ i |u_i|_Hs+1_{(Ωi)}.

• Assume that T^h_1 and T^h_2 are quasi-uniform and denote by h_1 and h_2 their characteristic meshsizes (here, we are not assuming any bound of h_1 and h_2 in terms of each other). Then, from the definition of the parameter γ, it is clear that, if h_1 and h_2 are very different in size, estimate (3.9) significantly depends on α. If h_1 ≪ h_2 (resp. h_2 ≪ h_1), the best result is given for α = 0 (resp. α = 1). With the optimal choice of the polynomial approximation orders, namely p_j ≈ ℓ_j / max{h_1, h_2}, j = 1, . . . , n_Γ, estimate (3.9) becomes

|‖(u − u^h, λ − λ^p)‖| ≤ Ck^{1/2} ∑ i h^{min{k,s}} i |u_i|_Hs+1_{(Ωi)}.

Proof of Theorem 1 Let ũ^h_i ∈ V^h_i be the nodal interpolant of u_i in Ω_i, i = 1, 2, and let λ̃^p denote the L_2(Γ)–projection of λ on Λ^p. We decompose, as usual, the error (u − u^h, λ − λ^p) as (u − ũ^h, λ − λ̃^p) + (ũ^h − u^h, λ̃^p − λ^p). From triangle inequality, Proposition 2, Lemma 1 and Proposition 1, we obtain (3.10)

|‖(u − u^h, λ − λ^p)‖| ≤ C ( |‖(u − ũ^h, λ − λ̃^p)‖| + ‖γ^{1/2}[u − ũ^h]‖_{L2(Γ)} + ⌊⌉λ − λ̃^p⌊⌉_{−1/2,Γ} ) . Then, the error bound (3.9) follows from the approximation estimates of u − ũ^h and λ − λ̃^p.

In fact, for the terms involving u − ũ^h, the standard interpolation estimates give (3.11) ∑ i ‖κ^{1/2}_i ∇(u − ũ^h)‖^2_{L2(Ωi)} + ‖a(u − ũ^h)‖^2_{L2(Ω)} ≤ Ck ∑ K∈T^h

h^{2 min{k,s}}

K |u|^2_Hs+1_{(K)}, and ‖γ^{1/2}[u − ũ^h]‖^2_{L2(Γ)} ≤ 2‖γ^{1/2}(u_1 − ũ^h_1 )‖^2_{L2(Γ)} + 2‖γ^{1/2}(u_2 − ũ^h_2 )‖^2_{L2(Γ)} ≤ 2 ∑ K∈T^h_1

‖γ^{1/2}_K (u_1 − ũ^h_1 )‖^2_{L2(∂K)} + 2 ∑ K∈T^h_2

‖γ^{1/2}_K (u_2 − ũ^h_2 )‖^2_{L2(∂K)} ≤ C ∑ K∈T^h_1 ∪T^h_2

γ_K h^{2 min{k,s}+1}

K |u|^2_Hs+1_{(K)}.

(3.12)

For the terms with λ − λ̃^p, since ‖λ − λ̃^p‖_{L2(Γj )} = inf_{μp∈Λp}‖λ − μ^p‖_{L2(Γj )}, from standard hp–approximation estimates we have (3.13) ‖λ − λ̃^p‖_{L2(Γj )} ≤ Cℓ^t_jp^{−t}_j |λ|_Ht_{(Γj )}, 0 ≤ t ≤ p_j + 1, which immediately gives

(3.14) ‖γ^{−1/2}(λ − λ̃^p)‖_{L2(Γ)} ≤ C ( ∑ j sup_{x∈Γj} (γ^{−1})ℓ^{2s−1}_j p^{−(2s−1)}_j |λ|^2_{Hs−1/2(Γj )}

)_{1/2} . It remains to deal with the third term appearing at right-hand side of (3.10). We derive an estimate of λ − λ̃^p in the norm ⌊⌉ · ⌊⌉_{−1/2,Γ} by means of interpolation theory (see, e.g., [8, Theorem 12.2]) between the norms ‖b^{−1} ·‖_{L2(Γ)} (which is the dual of ‖b·‖_{L2(Γ)}) and ⌊⌉ · ⌊⌉_{−1,Γ}, where ⌊⌉·⌊⌉_{−1,Γ} denotes the dual norm of ( ‖b · ‖^2_{L2(Γ)} + diam(Ω)^{1/2}|k^{1/2} · |^2_{H10 (Γ)}

)_{1/2} . We have

⌊⌉λ − λ̃^p⌊⌉_{−1,Γ} ≤ sup_{μ∈H1}

0 (Γ)

(λ − λ̃^p, μ)_Γ diam(Ω)^{1/2}|k^{1/2}μ|_H1_{(Γ)}

= diam(Ω)^{−1/2}k^{−1/2} sup_{μ∈H1}

0 (Γ)

(λ − λ̃^p, μ − μ̃^p)_Γ |μ|_H1_{(Γ)} , (3.15)

where μ̃^p denotes the L_2–projection of μ on Λ^p, and (·, ·)_Γ denotes the usual inner product of L_2(Γ). Furthermore,

(λ − λ̃^p, μ − μ̃^p)_Γ = ∑ j (λ − λ̃^p, μ − μ̃^p)_{Γj} ≤ ∑ j ||λ − λ̃^p||_{L2(Γj )}||μ − μ̃^p||_{L2(Γj )} = ∑ j ℓ_j p^{−1}_j ||λ − λ̃^p||_{L2(Γj )}ℓ^{−1}_j p_j||μ − μ̃^p||_{L2(Γj )}

≤ ( ∑ j ℓ^2_j p^{−2}_j ||λ − λ̃^p||^2_{L2(Γj )}

)_{1/2} ( ∑ j ℓ^{−2}_j p^2_j ||μ − μ̃^p||^2_{L2(Γj )}

)_{1/2} . (3.16)

We exploit the estimate (3.13) with t = s − 1/2 (resp. t = 1) to bound the first (resp. the second) term at right-hand side of (3.16) and obtain

(λ − λ̃^p, μ − μ̃^p)_Γ ≤ C ( ∑ j ℓ^{2s+1}_j p^{−(2s+1)} j |λ|^2_{Hs−1/2(Γj )}

)_{1/2} ( ∑ j |μ|^2_H1_{(Γj )}

)_{1/2}

≤ C ( ∑ j ℓ^{2s+1}_j p^{−(2s+1)} j |λ|^2_{Hs−1/2(Γj )}

)_{1/2}

|μ|_H1_{(Γ)}.

(3.17)

From (3.15) and (3.17) we easily get

(3.18) ⌊⌉λ − λ̃^p⌊⌉_{−1,Γ} ≤ C diam(Ω)^{−1/2}k^{−1/2} ( ∑ j ℓ^{2s+1}_j p^{−(2s+1)} j |λ|^2_{Hs−1/2(Γj )}

)_{1/2} . Finally, from (3.18) and estimate (3.13) with t = s − 1/2, by means of the interpolation theory between function spaces as we have detailed above, we end up with

(3.19) ⌊⌉λ − λ̃^p⌊⌉_{−1/2,Γ} ≤ C ( ∑ j

k^{−1}ℓ^{2s}_j p^{−2s}_j |λ|^2_{Hs−1/2(Γj )}

)_{1/2} . Inserting (3.11), (3.12), (3.14) and (3.19) in (3.10) gives the result. □

4. Numerical examples

4.1. Implementation issues. Some care has to be taken to avoid ill conditioning of the polynomial approximation on the interface. The mass matrix corresponding to the Taylor polynomial, for example, is the Vandermonde matrix which is notoriously ill conditioned. We have chosen to instead work with Legendre polynomials which are orthogonal in the L_2([−1, 1]) product. Instead of programming each Legendre polynomial P_n(x) separately for n = 0, 1, . . ., we have used the summation formula

P_n(x) = 1 2^n

⌊n/2⌋∑

k=0 (−1)^k(2n − 2k)!

k! (n − k)! (n − 2 k)!

x^{n−2 k},

where ⌊·⌋ is the floor function, and integrated (analytically, in advance) products of polynomials and (traces of) test functions, and derivatives thereof, term-wise.

In the examples below, we doubled the polynomial degree for the approximation of λ, for every doubling of the number of nodes on the interface, starting with p_j = 1 on the coarsest mesh. The parameter γ was chosen as γ|_{Γj} = √ 3/h_{min} where h_{min} denotes the smallest element size along Γ_j .

4.2. Interior domain. We considered the domain Ω := (0, 3) × (0, 3) divided into one interior domain Ω_1 := (1, 2)×(1/2, 3/2) and one exterior Ω_2 := Ω\Ω_1. We set κ_1 = κ_2 = 1, f = 2 π^2 9 sin (πx/3) sin (πy/3), and boundary conditions such that the analytical solution is

u = sin (πx/3) sin (πy/3).

The initial and final meshes, with the elevation of the corresponding approximate solution, are shown in Fig. 2, and in Fig. 3 we show the corresponding convergence behavior, second order convergence in L_2–norm and first order convergence in broken energy norm.

Figure 2. First and last mesh in the sequence corresponding to Fig. 3.

Figure 3. Convergence in L_2 and in broken energy norm.

In contrast, the inconsistent method (2.4) gives optimal convergence in broken energy norm but not in L_2–norm, see Fig. 4.

We remark that, in more general cases (e.g., when κ_1 ≠ κ_2 and Γ is only Lipschitz continuous), the model problem (2.1) lacks of elliptic regularity. Typically, full elliptic regularity can only be expected if Γ is sufficiently smooth, cf. [6]. Therefore, in general, we cannot expect optimal convergence in L_2–norm even with the consistent method.

Figure 4. Convergence in L_2 and in broken energy norm for the inconsistent method.

4.3. The case κ_1 ≠ κ_2. Consider solutions to the ordinary differential equation − ∑ i d dx ( κ_i du_i dx ) = 1; [u(1/2)] = 0; κ_1 du_1 dx (1/2) = κ_2 du_2 dx (1/2).

The domain is (0, 1), with an interface at x = 1/2. While this is a one-dimensional problem, we solved it numerically in 2D on the domain (0, 1) × (0, 1), with zero Neumann boundary conditions at y = 0 and y = 1. The equation has a closed-form solution that, for homogeneous Dirichlet boundary conditions at x = 0 and x = 1, is given by

u_1(x) =

(3 κ_1 + κ_2) x 4 κ^2_1 + 4 κ_1 κ_2 − x^2 2 κ_1

, u_2(x) = κ_2 − κ_1 + (3 κ_1 + κ_2) x 4 κ^2 + 4 κ_1 κ_2 − x^2 2 κ_2 . We chose κ_1 = 1/2, κ_2 = 3.

The initial and final meshes, with the elevation of the corresponding approximate solution, are shown in Fig. 5, and in Fig. 6 we show the corresponding convergence behavior, again with second order convergence in L_2–norm and first order convergence in broken energy norm.

5. Concluding remarks We have introduced and analyzed a new stabilized Lagrange multiplier method for interface problems. The basic idea in this method is to avoid integrating products of piecewise function from the two trace meshes, and instead use a global polynomial for the multiplier. It should be pointed out that the stability of our method is not related to the globalness of the polynomial; if a global polynomial is not feasible, some other simple approximation on the interface could be chosen (though we have not analyzed the convergence of other choices). A typical example could be a multiplier space consisting of piecewise constant

Figure 5. First and last mesh in the sequence corresponding to Fig. 6.

Figure 6. Convergence in L_2 and in broken energy norm.

multipliers on a structured Cartesian grid. The main point is avoiding L_2–projections between unrelated and unstructured meshes.

Future work will focus on elastic contact problems where, typically, discrete Lagrange multipliers in the nodes of the trace mesh(es) are used. With a distributed multiplier approach, such as the one suggested here, the need for carefully selecting a master surface (from the point of view of the discretization of the surfaces) will be alleviated since the multiplier space will not be tied directly to the discretization of the contact surfaces.

References

[1] H.J.C. Barbosa and T. J. R. Hughes, Boundary Lagrange multipliers in finite-element methods - error analysis in natural norms, Numer. Math. 62, (1992) 1–15.

[2] J. W. Barrett and C. M. Elliot, Fitted and unfitted finite-element methods for elliptic equations with smooth interfaces, IMA J. Numer. Anal. 7, (1987) 283–300.

[3] J. W. Barrett and C. M. Elliot, Finite element approximation of the Dirichlet problem using the boundary penalty method, Numer. Math. 49, (1986) 343–366.

[4] R. Becker, P. Hansbo, and R. Stenberg, A finite element method for domain decomposition with non-matching grids, M2AN (in press).

[5] F. Brezzi and M. Fortin, Mixed and Hybrid Finite Element Methods, Springer Verlag, 1991. [6] Z. Chen and J. Zhou, Finite element methods and their convergence for elliptic and parabolic interface problems,Numer. Math., 79, (1998) 175–202.

[7] P. Le Tallec and T. Sassi, Domain decomposition with nonmatching grids: augmented Lagrangian approach. Math. Comp. 64, (1995) 1367–1396.

[8] J. L. Lions and E. Magenes, Problèmes aux limites non homogènes et applications, Vol. 1, Dunod, Paris, 1968.

[9] J. Nitsche, Über ein Variationsprinzip zur Lösung von Dirichlet-Problemen bei Verwendung von Teilräumen, die keinen Randbedingungen unterworfen sind, Abh. Math. Univ. Hamburg 36, (1971) 9–15. [10] A. Priestley, Exact projections and the Lagrange-Galerkin method: A realistic alternative to quadrature, J. Comput. Phys. 112, (1994) 316–333.

[11] R. Stenberg, On some techniques for approximating boundary conditions in the finite element method, J. Comput. Appl. Math. 63, (1995) 139–148.

[12] B.I. Wohlmuth, Discretization methods and iterative solvers based on domain decomposition, Springer Verlag, 2001.

Chalmers Finite Element Center Preprints

2001–01 A simple nonconforming bilinear element for the elasticity problem Peter Hansbo and Mats G. Larson 2001–02 The LL^∗ finite element method and multigrid for the magnetostatic problem Rickard Bergström, Mats G. Larson, and Klas Samuelsson 2001–03 The Fokker-Planck operator as an asymptotic limit in anisotropic media Mohammad Asadzadeh 2001–04 A posteriori error estimation of functionals in elliptic problems: experiments Mats G. Larson and A. Jonas Niklasson 2001–05 A note on energy conservation for Hamiltonian systems using continuous time finite elements Peter Hansbo 2001–06 Stationary level set method for modelling sharp interfaces in groundwater flow Nahidh Sharif and Nils-Erik Wiberg 2001–07 Integration methods for the calculation of the magnetostatic field due to coils Marzia Fontana 2001–08 Adaptive finite element computation of 3D magnetostatic problems in potential formulation Marzia Fontana 2001–09 Multi-adaptive galerkin methods for ODEs I: theory & algorithms Anders Logg 2001–10 Multi-adaptive galerkin methods for ODEs II: applications Anders Logg 2001–11 Energy norm a posteriori error estimation for discontinuous Galerkin methods Roland Becker, Peter Hansbo, and Mats G. Larson 2001–12 Analysis of a family of discontinuous Galerkin methods for elliptic problems: the one dimensional case Mats G. Larson and A. Jonas Niklasson 2001–13 Analysis of a nonsymmetric discontinuous Galerkin method for elliptic problems: stability and energy error estimates Mats G. Larson and A. Jonas Niklasson 2001–14 A hybrid method for the wave equation Larisa Beilina, Klas Samuelsson and Krister Åhlander 2001–15 A finite element method for domain decomposition with non-matching grids Roland Becker, Peter Hansbo and Rolf Stenberg 2001–16 Application of stable FEM-FDTD hybrid to scattering problems Thomas Rylander and Anders Bondeson 2001–17 Eddy current computations using adaptive grids and edge elements Y. Q. Liu, A. Bondeson, R. Bergström, C. Johnson, M. G. Larson, and K. Samuelsson 2001–18 Adaptive finite element methods for incompressible fluid flow Johan Hoffman and Claes Johnson 2001–19 Dynamic subgrid modeling for time dependent convection–diffusion–reaction equations with fractal solutions Johan Hoffman

2001–20 Topics in adaptive computational methods for differential equations Claes Johnson, Johan Hoffman and Anders Logg 2001–21 An unfitted finite element method for elliptic interface problems Anita Hansbo and Peter Hansbo 2001–22 A P^2–continuous, P^1–discontinuous finite element method for the Mindlin- Reissner plate model Peter Hansbo and Mats G. Larson 2002–01 Approximation of time derivatives for parabolic equations in Banach space: constant time steps Yubin Yan 2002–02 Approximation of time derivatives for parabolic equations in Banach space: variable time steps Yubin Yan 2002–03 Stability of explicit-implicit hybrid time-stepping schemes for Maxwell’s equations Thomas Rylander and Anders Bondeson 2002–04 A computational study of transition to turbulence in shear flow Johan Hoffman and Claes Johnson 2002–05 Adaptive hybrid FEM/FDM methods for inverse scattering problems Larisa Beilina 2002–06 DOLFIN - Dynamic Object oriented Library for FINite element computation Johan Hoffman and Anders Logg 2002–07 Explicit time-stepping for stiff ODEs Kenneth Eriksson, Claes Johnson and Anders Logg 2002–08 Adaptive finite element methods for turbulent flow Johan Hoffman 2002–09 Adaptive multiscale computational modeling of complex incompressible fluid flow Johan Hoffman and Claes Johnson 2002–10 Least-squares finite element methods with applications in electromagnetics Rickard Bergström 2002–11 Discontinuous/continuous least-squares finite element methods for elliptic problems Rickard Bergström and Mats G. Larson 2002–12 Discontinuous least-squares finite element methods for the Div-Curl problem Rickard Bergström and Mats G. Larson 2002–13 Object oriented implementation of a general finite element code Rickard Bergström 2002-14 On adaptive strategies and error control in fracture mechanics Per Heintz and Klas Samuelsson 2002-15 A unified stabilized method for Stokes’ and Darcy’s equations Erik Burman and Peter Hansbo 2002-16 A finite element method on composite grids based on Nitsche’s method Anita Hansbo, Peter Hansbo and Mats G. Larson 2002-17 Edge stabilization for Galerkin approximations of convection–diffusion problems Erik Burman and Peter Hansbo

2002-18 Adaptive strategies and error control for computing material forces in fracture mechanics Per Heintz, Fredrik Larsson, Peter Hansbo and Kenneth Runesson 2002-19 A variable diffusion method for mesh smoothing J. Hermansson and P. Hansbo 2003-01 A hybrid method for elastic waves L.Beilina 2003-02 Application of the local nonobtuse tetrahedral refinement techniques near Fichera-like corners L.Beilina, S.Korotov and M. Křížek 2003-03 Nitsche’s method for coupling non-matching meshes in fluid-structure vibration problems Peter Hansbo and Joakim Hermansson 2003-04 Crouzeix–Raviart and Raviart–Thomas elements for acoustic fluid–structure interaction Joakim Hermansson 2003-05 Smoothing properties and approximation of time derivatives in multistep backward difference methods for linear parabolic equations Yubin Yan 2003-06 Postprocessing the finite element method for semilinear parabolic problems Yubin Yan 2003-07 The finite element method for a linear stochastic parabolic partial differential equation driven by additive noise Yubin Yan 2003-08 A finite element method for a nonlinear stochastic parabolic equation Yubin Yan 2003-09 A finite element method for the simulation of strong and weak discontinuities in elasticity Anita Hansbo and Peter Hansbo 2003-10 Generalized Green’s functions and the effective domain of influence Donald Estep, Michael Holst, and Mats G. Larson 2003-11 Adaptive finite element/difference method for inverse elastic scattering waves L.Beilina 2003-12 A Lagrange multiplier method for the finite element solution of elliptic domain decomposition problems using non-matching meshes Peter Hansbo, Carlo Lovadina, Ilaria Perugia, and Giancarlo Sangalli

These preprints can be obtained from

www.phi.chalmers.se/preprints