FINITE ELEMENT CENTER

PREPRINT 2004–04

Multi-adaptive Galerkin methods for ODEs III: Existence and stability

Anders Logg

Chalmers Finite Element Center CHALMERS UNIVERSITY OF TECHNOLOGY Göteborg Sweden 2004

CHALMERS FINITE ELEMENT CENTER

Preprint 2004–04

Multi-adaptive Galerkin methods for ODEs III: Existence and stability

Anders Logg

Chalmers Finite Element Center Chalmers University of Technology SE–412 96 Göteborg Sweden Göteborg, February 2004

Multi-adaptive Galerkin methods for ODEs III: Existence and stability Anders Logg NO 2004–04 ISSN 1404–4382

Chalmers Finite Element Center Chalmers University of Technology SE–412 96 Göteborg Sweden Telephone: +46 (0)31 772 1000 Fax: +46 (0)31 772 3595

www.phi.chalmers.se

Printed in Sweden Chalmers University of Technology Göteborg, Sweden 2004

MULTI-ADAPTIVE GALERKIN METHODS FOR ODES III: EXISTENCE AND STABILITY

ANDERS LOGG

Abstract. We prove existence and stability of solutions for the multi-adaptive Galerkin methods mcG(q) and mdG(q), and their dual versions mcG(q)^∗ and mdG(q)^∗, including strong stability estimates for parabolic problems. This paper is the third in a series devoted to multi-adaptive Galerkin methods. In the companion paper [7], we return to the a priori error analysis of the multi-adaptive methods. The stability estimates derived in this paper will then be essential.

1. Introduction

This is part III in a sequence of papers [4, 5] on multi-adaptive Galerkin methods, mcG(q) and mdG(q), for approximate (numerical) solution of ODEs of the form

u̇(t) = f(u(t), t), t ∈ (0, T ], u(0) = u_0,

(1.1)

where u : [0, T ] → R^N is the solution to be computed, u_0 ∈ R^N a given initial condition, T > 0 a given final time, and f : R^N × (0, T ] → R^N a given function that is Lipschitzcontinuous in u and bounded.

The mcG(q) and mdG(q) methods are based on piecewise polynomial approximation of degree q on partitions in time with time steps which may vary for different components U_i(t) of the approximate solution U(t) of (1.1). In part I and II of our series on multiadaptive Galerkin methods, we prove a posteriori error estimates, through which the time steps are adaptively determined from residual feed-back and stability information, obtained by solving a dual linearized problem. In this paper, we prove existence and stability of discrete solutions, which we later use together with special interpolation estimates to prove a priori error estimates for the mcG(q) and mdG(q) methods in part IV [7].

1.1. Notation. For a detailed presentation of the multi-adaptive methods, we refer to [4, 5]. Here, we only give a quick overview of the notation: Each component U_i(t), i = 1, . . . , N, of the approximate m(c/d)G(q) solution U(t) of (1.1) is a piecewise polynomial

Date: February 11, 2004.

Key words and phrases. Multi-adaptivity, individual time steps, local time steps, ODE, continuous Galerkin, discontinuous Galerkin, mcgq, mdgq, a priori error estimates, dual methods, existence, strong stability, parabolic.

Anders Logg, Department of Computational Mathematics, Chalmers University of Technology, SE–412 96 Göteborg, Sweden, email: logg@math.chalmers.se. 1

2 ANDERS LOGG

on a partition of (0, T ] into M_i subintervals. Subinterval j for component i is denoted by I_{ij} = (t_{i,j−1}, t_{ij}], and the length of the subinterval is given by the local time step k_{ij} = t_{ij} − t_{i,j−1}. This is illustrated in Figure 1. On each subinterval I_{ij}, U_i|_{Iij} is a polynomial of degree q_{ij} and we refer to (I_{ij} , U_i|_{Iij} ) as an element.

Furthermore, we shall assume that the interval (0, T ] is partitioned into blocks between certain synchronized time levels 0 = T_0 < T_1 < . . . < T_M = T . We refer to the set of intervals T_n between two synchronized time levels T_{n−1} and T_n as a time slab:

T_n = {I_{ij} : T_{n−1} ≤ t_{i,j−1} < t_{ij} ≤ T_n}.

We denote the length of a time slab by K_n = T_n − T_{n−1}. We also refer to the entire collection of intervals I_{ij} as the partition T .

PSfrag replacements

Figure 1. Individual partitions of the interval (0, T ] for different components. Elements between common synchronized time levels are organized in time slabs. In this example, we have N = 6 and M = 4.

1.2. Outline of the paper. The first part of this paper is devoted to proving existence of solutions for the multi-adaptive methods mcG(q) and mdG(q), including the dual methods mcG(q)^∗ and mdG(q)^∗ obtained by interchanging trial and test spaces, by proving (relevant) fixed point iterations assuming the time steps are sufficiently small. The proof is constructive and mimics the actual implementation of the methods. The multi-adaptive ODE-solver Tanganyika, presented in [5], thus repeats the proof of existence each time it computes a new solution.

In the second part of this paper, we prove stability estimates, including general exponential estimates for mcG(q), mdG(q), mcG(q)^∗, and mdG(q)^∗, and strong stability estimates for parabolic problems for the mdG(q) and mdG(q)^∗ methods.

MULTI-ADAPTIVE GALERKIN METHODS FOR ODES III 3

2. Multi-adaptive Galerkin and multi-adaptive dual Galerkin 2.1. Multi-adaptive continuous Galerkin, mcG(q). To formulate the mcG(q) method, we define the trial space V and the test space V̂ as

V = {v ∈ [C([0, T ])]^N : v_i|_{Iij} ∈ P^{qij} (I_{ij} ), j = 1, . . . , M_i, i = 1, . . . , N}, V̂ = {v : v_i|_{Iij} ∈ P^qij^{−1}(I_{ij}), j = 1, . . . , M_i, i = 1, . . . , N},

(2.1)

where P^q(I) denotes the linear space of polynomials of degree q on an interval I. In other words, V is the space of continuous piecewise polynomials of degree q = q_i(t) = q_{ij} ≥ 1, t ∈ I_{ij} , on the partition T , and V̂ is the space of (possibly discontinuous) piecewise polynomials of degree q − 1 on the same partition.

We now define the mcG(q) method for (1.1) in the following way: Find U ∈ V with U(0) = u_0, such that

(2.2)

∫_T 0 (U̇, v) dt =

∫_T 0 (f(U, ·), v) dt ∀v ∈ V̂ ,

where (·, ·) denotes the R^N inner product. If now for each local interval I_{ij} we take v_n ≡ 0 when n ≠ i and v_i(t) = 0 when t ∉ I_{ij} , we can rewrite the global problem (2.2) as a sequence of successive local problems for each component: For i = 1, . . . , N, j = 1, . . . , M_i, find U_i|_{Iij} ∈ P^{qij} (I_{ij} ) with U_i(t_{i,j−1}) given, such that

(2.3) ∫ I_{ij}

U̇_iv dt = ∫ I_{ij}

f_i(U, ·)v dt ∀v ∈ P^{qij −1}(I_{ij} ),

where the initial condition is specified for i = 1, . . . , N by U_i(0) = u_i(0).

We define the residual R of the approximate solution U by R_i(U, t) = U̇_i(t) − f_i(U(t), t). In terms of the residual, we can rewrite (2.3) as

(2.4) ∫ I_{ij}

R_i(U, ·)v dt = 0 ∀v ∈ P^{qij −1}(I_{ij} ),

that is, the residual is orthogonal to the test space on each local interval. We refer to (2.4) as the Galerkin orthogonality of the mcG(q) method.

2.2. Multi-adaptive discontinuous Galerkin, mdG(q). For the mdG(q) method, we define the trial and test spaces by (2.5) V = V̂ = {v : v_i|_{Iij} ∈ P^{qij} (I_{ij}), j = 1, . . . , M_i, i = 1, . . . , N}, that is, both trial and test functions are (possibly discontinuous) piecewise polynomials of degree q = q_i(t) = q_{ij} ≥ 0, t ∈ I_{ij}, on the partition T . We define the mdG(q) solution U ∈ V to be left-continuous.

We now define the mdG(q) method for (1.1) in the following way, similar to the definition of the continuous method: Find U ∈ V with U(0^−) = u_0, such that

(2.6) N∑ i=1

M_i∑

j=1 [ [U_i]_{i,j−1}v_i(t^+_{i,j−1}) + ∫ I_{ij}

U̇_iv_i dt ] = ∫_T 0 (f(U, ·), v) dt ∀v ∈ V̂ ,

4 ANDERS LOGG

where [U_i]_{i,j−1} = U_i(t^+_{i,j−1}) − U_i(t^−_{i,j−1}) denotes the jump in U_i(t) across the node t = t_{i,j−1}.

The mdG(q) method in local form, corresponding to (2.3), reads: For i = 1, . . . , N, j = 1, . . . , M_i, find U_i|_{Iij} ∈ P^{qij} (I_{ij}), such that

(2.7) [U_i]_{i,j−1}v(t_{i,j−1}) + ∫ I_{ij}

U̇_iv dt = ∫ I_{ij}

f_i(U, ·)v dt ∀v ∈ P^{qij} (I_{ij}),

where the initial condition is specified for i = 1, . . . , N by U_i(0^−) = u_i(0).

In the same way as for the continuous method, we define the residual R of the approximate solution U by R_i(U, t) = U̇_i(t) − f_i(U(t), t), defined on the inner of each local interval I_{ij} , and rewrite (2.7) in the form

(2.8) [U_i]_{i,j−1}v(t^+_{i,j−1}) + ∫ I_{ij}

R_i(U, ·)v dt = 0 ∀v ∈ P^{qij} (I_{ij}).

We refer to (2.8) as the Galerkin orthogonality of the mdG(q) method. Note that the residual has two parts: one interior part R_i and the jump term [U_i]_{i,j−1}.

2.3. The dual problem. The motivation for introducing the dual problem is for the a priori or a posteriori error analysis of the multi-adaptive methods. For the a posteriori analysis, we formulate a continuous dual problem [4]. For the a priori analysis [7], we formulate a discrete dual problem in terms of the dual multi-adaptive methods mcG(q)^∗ and mdG(q)^∗.

The discrete dual solution Φ : [0, T ] → R^N is a Galerkin approximation of the exact solution ϕ : [0, T ] → R^N of the continuous dual backward problem

−ϕ̇(t) = J^⊤(πu, U, t)ϕ(t) + g(t), t ∈ [0, T ), ϕ(T ) = ψ,

(2.9)

where πu is an interpolant or a projection of the exact solution u of (1.1), g : [0, T ] → R^N is a given function, ψ ∈ R^N is a given initial condition, and

(2.10) J^⊤(πu, U, t) = (∫_1 0 ∂f ∂u (sπu(t) + (1 − s)U(t), t) ds

)_⊤ , that is, an appropriate mean value of the transpose of the Jacobian of the right-hand side f(·, t) evaluated at πu(t) and U(t). Note that by the chain rule, we have

(2.11) J(πu, U, ·)(U − πu) = f(U, ·) − f(πu, ·).

2.4. Multi-adaptive dual continuous Galerkin, mcG(q)^∗. In the formulation of the dual method of mcG(q), we interchange the trial and test spaces of mcG(q). With the same definitions of V and V̂ as in (2.1), we thus define the mcG(q)^∗ method for (2.9) in the following way: Find Φ ∈ V̂ with Φ(T^+) = ψ, such that

(2.12)

∫_T 0 (v̇, Φ) dt =

∫_T 0 (J(πu, U, ·)v, Φ) + L_{ψ,g}(v),

MULTI-ADAPTIVE GALERKIN METHODS FOR ODES III 5

for all v ∈ V with v(0) = 0, where

(2.13) L_{ψ,g}(v) ≡ (v(T ), ψ) +

∫_T 0 (v, g) dt.

Notice the extra condition that the test functions should vanish at t = 0, which is introduced to make the dimension of the test space equal to the dimension of the trial space. Integrating by parts, (2.12) can alternatively be expressed in the form

(2.14) N∑ i=1

M_i∑

j=1 [ −[Φ_i]_{ij} v_i(t_{ij} ) − ∫ I_{ij}

Φ̇_iv_i dt ] = ∫_T 0 (J^⊤(πu, U, ·)Φ + g, v) dt.

2.5. Multi-adaptive dual discontinuous Galerkin, mdG(q)^∗. Interchanging trial and test spaces does not make any difference for the discontinuous method since the trial and test spaces are identical. With the same definitions of V and V̂ as in (2.5), we define the mdG(q)^∗ method for (2.9) in the following way: Find Φ ∈ V̂ with Φ(T^+) = ψ, such that

(2.15) N∑ i=1

M_i∑

j=1 [ [v_i]_{i,j−1}Φ_i(t^+_{i,j−1}) + ∫ I_{ij}

v̇_iΦ_i dt ] = ∫_T 0 (J(πu, U, ·)v, Φ) dt + L_{ψ,g}(v),

for all v ∈ V with v(0^−) = 0. Integrating by parts, (2.15) can alternatively be expressed in the form

(2.16) N∑ i=1

M_i∑

j=1 [ −[Φ_i]_{ij} v_i(t^−_{ij} ) − ∫ I_{ij}

Φ̇_iv_i dt ] = ∫_T 0 (J^⊤(πu, U, ·)Φ + g, v) dt.

3. Existence of solutions To prove existence of the discrete mcG(q), mdG(q), mcG(q)^∗, and mdG(q)^∗ solutions defined in the previous section, we formulate fixed point iterations for the construction of solutions. Existence then follows from the Banach fixed point theorem, if the time steps are sufficiently small. The proof is thus constructive and gives a method for computing solutions (see [5]).

3.1. Multi-adaptive Galerkin in fixed point form. We start by proving the following simple lemma.

Lemma 3.1. Let A be a d × d matrix with elements A_{mn} =^n_{m+n−1} , and let B be a d × d matrix with elements B_{mn} =^n_{m+n} , for m, n = 1, . . . , d. Then, det A ≠ 0 and det B ≠ 0.

Proof. To prove that A is nonsingular, we let p(t) =

∑_d n=1 x_nnt^{n−1} be a polynomial of degree d − 1 on [0, 1]. If for m = 1, . . . , d, we have

∫_1 0 p(t)t^{m−1} dt = 0, it follows that p ≡ 0.

Thus,

∑_d n=1 x_n^n_{m+n−1} = 0 for m = 1, . . . , d implies x = 0, which proves that det A ≠ 0. To prove that B is nonsingular, let again p(t) =

∑_d n=1 x_nnt^{n−1}. If for m = 1, . . . , d we have ∫_1 0 p(t)t^m dt = 0, take q(t) =

∑_d

m=1 y_mt^m, such that p and q have the same zeros on [0, 1]

6 ANDERS LOGG

and pq ≥ 0. Then,

∫_1 0 pq dt = 0 but pq ≥ 0 on [0, 1] and so p ≡ 0. Thus,

∑_n n=1 x_n^n_{m+n} = 0 for m = 1, . . . , d implies x = 0, which proves that det B ≠ 0. □ To rewrite the methods in explicit fixed point form, we introduce a simple basis for the trial and test spaces and solve for the degrees of freedom on each local interval.

Lemma 3.2. The mcG(q) method for (1.1) in fixed point form reads: For i = 1, . . . , N, j = 1, . . . , M_i, find {ξ_{ijn}}^{qij}_{n=1}, such that

(3.1) ξ_{ijn} = ξ_{ij0} + ∫ I_{ij}

w^{[qij ]}_n (τ_{ij} (t))f_i(U(t), t) dt,

with ξ_{ij0} = { ξ_{i,j−1,qi,j−1} , j > 1, u_i(0), j = 1,

where {w^{[qij ]}n }^{qij}_{n=1} ⊂ P^{qij −1}([0, 1]), w^{[qij ]}q_{ij} ≡ 1, and τ_{ij} (t) = (t − t_{i,j−1})/(t_{ij} − t_{i,j−1}). A component U_i(t) of the solution is given on I_{ij} by

U_i(t) =

q_{ij}∑

n=0 ξ_{ijn}λ^{[qij ]}_n (τ_{ij} (t)),

where {λ^{[qij ]}n }^{qij}_{n=0} ⊂ P^{qij} ([0, 1]) is the standard Lagrange basis on [0, 1] with t = 0 and t = 1 as two of its q_{ij} + 1 ≥ 2 nodal points.

Proof. Our starting point is the local formulation (2.3). Dropping indices for ease of notation and rescaling to the interval [0, 1], we have ∫_1 0 U̇v dt =

∫_1 0 fv dt ∀v ∈ P^{q−1}([0, 1]),

with U ∈ P^q([0, 1]). Let now {λ^{[q]}n }^q_{n=0} be a basis for P^q([0, 1]). In terms of this basis, we have U(t) =

∑_q n=0 ξ_nλ^{[q]}n (t), and so q∑ n=0 ξ_n

∫_1 0 λ̇^{[q]}_n λ^{[q−1]}_m dt =

∫_1 0 fλ^{[q−1]}_m dt, m = 0, . . . , q − 1.

Since the solution is continuous, the value at t = 0 is known from the previous interval (or from the initial condition). This gives

U(0) = q∑ n=0 ξ_nλ^{[q]}_n (0) = ξ_0,

if we assume that λ^{[q]}n (0) = δ_{0n}. The remaining q degrees of freedom are then determined by_q ∑ n=1 ξ_n

∫_1 0 λ̇^{[q]}_n λ^{[q−1]}_{m−1} dt =

∫_1 0 fλ^{[q−1]}_{m−1} − ξ_0

∫_1 0 λ̇^{[q]}_0 λ^{[q−1]}_{m−1} dt, m = 1, . . . , q.

MULTI-ADAPTIVE GALERKIN METHODS FOR ODES III 7

If det (∫_1 0 λ̇^{[q]}_n λ^{[q−1]}_{m−1} dt ) ≠ 0, this system can be solved for the degrees of freedom (ξ_1, . . . , ξ_n).

With λ^{[q]}n (t) = t^n, we have det (∫_1 0 λ̇^{[q]}_n λ^{[q−1]}_{m−1} dt ) = det (∫_1 0 nt^{n−1}t^{m−1} dt ) = det ( n m + n − 1 ) ≠ 0,

by Lemma 3.1. Solving for (ξ_1, . . . , ξ_n), we obtain

ξ_n = α^{[q]}_n ξ_0 +

∫_1 0 w^{[q]}_n f dt, n = 1, . . . , q,

for some constants {α^{[q]}n }^q_{n=1}, where {w^{[q]}n }^q_{n=1} ⊂ P^{q−1}([0, 1]) and ξ_0 is determined from the continuity requirement. For any other basis {λ^{[q]}n }^q_{n=0} with λ^{[q]}n (0) = δ_{0n}, we obtain a similar expression for the degrees of freedom by a linear transformation. In particular, let {λ^{[q]}n }^q_{n=0} be the Lagrange basis functions for a partition of [0, 1] with t = 0 as a nodal point. For f ≡ 0 it is easy to see that the mcG(q) solution is constant and equal to its initial value. It follows that α^{[q]}n = 1, n = 1, . . . , q, and so

ξ_n = ξ_0 +

∫_1 0 w^{[q]}_n f dt, n = 1, . . . , q,

with U(1) = ξ_q if also t = 1 is a nodal point. To see that w^{[q]}q ≡ 1, take v ≡ 1 in (2.3). The result now follows by rescaling to I_{ij} . □ Lemma 3.3. The mdG(q) method for (1.1) in fixed point form reads: For i = 1, . . . , N, j = 1, . . . , M_i, find {ξ_{ijn}}^{qij}_{n=0}, such that

(3.2) ξ_{ijn} = ξ^−_{ij0} + ∫ I_{ij}

w^{[qij ]}_n (τ_{ij} (t))f_i(U(t), t) dt,

with ξ^−_{ij0} = { ξ_{i,j−1,qi,j−1} , j > 1, u_i(0), j = 1, where {w^{[qij ]}n }^{qij}_{n=0} ⊂ P^{qij} ([0, 1]), w^{[qij ]}q_{ij} ≡ 1, and τ_{ij} (t) = (t−t_{i,j−1})/(t_{ij} −t_{i,j−1}). A component U_i(t) of the solution is given on I_{ij} by

U_i(t) =

q_{ij}∑

n=0 ξ_{ijn}λ^{[qij ]}_n (τ_{ij} (t)),

where {λ^{[qij ]}n }^{qij}_{n=0} ⊂ P^{qij} ([0, 1]) is the standard Lagrange basis on [0, 1] with t = 1 as one of its q_{ij} + 1 ≥ 1 nodal points.

Proof. In as similar way as in the proof of Lemma 3.2, we use (2.7) to obtain

(ξ_0 − ξ^−_0 )λ^{[q]}_m (0) + q∑ n=0 ξ_n

∫_1 0 λ̇^{[q]}_n λ^{[q]}_m dt =

∫_1 0 fλ^{[q]}_m dt, m = 0, . . . , q.

8 ANDERS LOGG

With λ^{[q]}n (t) = t^n, these 1 + q equations can be written in the form

ξ_0 + q∑ n=1 ξ_n

∫_1 0 nt^{n−1} dt =

∫_1 0 f dt + ξ^−_0 , q∑ n=1 ξ_n

∫_1 0 nt^{n−1}t^m dt =

∫_1 0 ft^m dt, m = 1, . . . , q,

which by Lemma 3.1 has a solution, since det (∫_1 0 nt^{n−1}t^m dt ) = det ( n m + n ) ≠ 0.

We thus obtain ξ_n = α^{[q]}_n ξ^−_0 +

∫_1 0 w^{[q]}_n f dt, n = 0, . . . , q.

By the same argument as in the proof of Lemma 3.2, we conclude that when {λ^{[q]}n }^q_{n=0} is the Lagrange basis for a partition of [0, 1], we have

ξ_n = ξ^−_0 +

∫_1 0 w^{[q]}_n f dt, n = 0, . . . , q,

with U(1) = ξ_q = ξ^−_0 +

∫_1 0 f dt if t = 1 is a nodal point. The result now follows by rescaling to I_{ij} . □ Lemma 3.4. The mcG(q)^∗ method for (2.9) in fixed point form reads: For i = 1, . . . , N, j = M_i, . . . , 1, find {ξ_{ijn}}^{qij −1}_{n=0} , such that

(3.3) ξ_{ijn} = ψ_i +

∫_T

t_{ij}

f^∗_i (Φ, ·) dt + ∫ I_{ij}

w^{[qij ]}_n (τ_{ij}(t))f^∗_i (Φ(t), t) dt,

where f^∗(Φ, ·) = J^⊤(πu, U, ·)Φ + g, {w^{[qij ]}n }^{qij −1}_{n=0} ⊂ P^{qij} ([0, 1]), w^{[qij ]}n (0) = 0, w^{[qij ]}n (1) = 1, n = 0, . . . , q_{ij} − 1, and τ_{ij} (t) = (t − t_{i,j−1})/(t_{ij} − t_{i,j−1}). A component Φ_i(t) of the solution is given on I_{ij} by

Φ_i(t) =

q_{ij} −1∑

n=0 ξ_{ijn}λ^{[qij −1]}_n (τ_{ij} (t)),

where {λ^{[qij −1]}n }^{qij −1}_{n=0} ⊂ P^{qij −1}([0, 1]) is the standard Lagrange basis on [0, 1]. Proof. Our starting point is the definition (2.14). For any 1 ≤ i ≤ N, take v_n ≡ 0 when n ≠ i and let v_i be a continuous piecewise polynomial that vanishes on [0, t_{i,j−1}] with v_i ≡ 1 on [t_{ij} , T ], see Figure 3.4. With f^∗(Φ, ·) = J^⊤(πu, U, ·)Φ + g, we then have

M_i∑

l=j [ −[Φ_i]_{il}v_i(t_{il}) − ∫ I_{il}

Φ̇_iv_i dt ] = ∫_T

t_{i,j−1}

f^∗_i (Φ, ·)v_i dt.

MULTI-ADAPTIVE GALERKIN METHODS FOR ODES III 9

We integrate by parts, moving the derivative onto the test function, to get

−[Φ_i]_{il}v_i(t_{il}) − ∫ I_{il}

Φ̇_iv_i dt = −[Φ_i]_{il}v_i(t_{il}) − [Φ_iv_i]^{t−}il_{t+i,l−1} + ∫ I_{il}

Φ_iv̇_i dt

= Φ_i(t^+_{i,l−1})v_i(t_{i,l−1}) − Φ_i(t^+_{il} )v_i(t_{il}) + ∫ I_{il}

Φ_iv̇_i dt.

Summing up, noting that v_i(t_{i,j−1}) = 0, v̇_i = 0 on [t_{ij} , T ] and Φ_i(t^+_{Mi} ) = ψ_i, we have

−ψ_i + ∫ I_{ij}

Φ_iv̇_i dt =

∫_T

t_{i,j−1}

f^∗_i (Φ, ·)v_i dt,

or ∫

I_{ij}

Φ_iv̇_i dt = Φ̃_{ij} + ∫ I_{ij}

f^∗_i (Φ, ·)v_i dt,

with Φ̃_{ij} = ψ_i +

∫_T

t_{ij} f ∗ i (Φ, ·) dt. Dropping indices and rescaling to the interval [0, 1], we obtain ∫_1 0 Φv̇ dt = Φ̃(1) +

∫_1 0 f^∗v dt,

for all v ∈ P^q([0, 1]) with v(0) = 0 and v(1) = 1. Let now {λ^{[q−1]}n }^{q−1}_{n=0} be a basis of P^{q−1}([0, 1]) and write Φ(t) =

∑_q

n=1 ξ_nλ^{[q−1]}_{n−1} (t). For m = 1, . . . , q, we then have q∑ n=1 ξ_n

∫_1 0 λ^{[q−1]}_{n−1} (t) mt^{m−1} dt = Φ̃(1) +

∫_1 0 f^∗ t^m dt.

If now det (∫_1 0 λ^{[q−1]}_{n−1} (t)mt^{m−1} dt ) ≠ 0, we can solve for (ξ_1, . . . , ξ_n). With λ^{[q−1]}_{n−1} (t) = t^{n−1}, we have det (∫_1 0 λ^{[q−1]}_{n−1} (t)mt^{m−1} dt ) = det (∫_1 0 mt^{n−1}t^{m−1} dt ) = det ( m m + n − 1 ) ≠ 0,

by Lemma 3.1. Solving for the degrees of freedom, we obtain

ξ_n = α^{[q]}_n Φ̃(1) +

∫_1 0 w^{[q]}_n f^∗ dt, n = 1, . . . , q.

By a linear transformation, we obtain a similar expression for any other basis of P^q([0, 1]). For f^∗ ≡ 0, it is easy to see that the mcG(q)^∗ solution is constant and equal to its initial value. Thus, when {λ^{[q−1]}n }^{q−1}_{n=0} is the standard Lagrange basis for a partition of [0, 1], it follows that α^{[q]}n = 1, n = 1, . . . , q, and so

ξ_n = Φ̃(1) +

∫_1 0 w^{[q]}_n f^∗ dt, n = 1, . . . , q.

We note that w^{[q]}n (0) = 0, n = 1, . . . , q, since each w^{[q]}n is a linear combination of the functions {t^m}^q_{m=1}. We also conclude that w^{[q]}n (1) = 1, since w^{[q]}n (1) = α^{[q]}n = 1, n = 1, . . . , q.

10 ANDERS LOGG

The result now follows by rescaling to I_{ij}. We also relabel the degrees of freedom from (ξ_1, . . . , ξ_q) to (ξ_0, . . . , ξ_{q−1}). □

PSfrag replacements

Figure 2. The special choice of test function used in the proof of Lemma 3.4.

Lemma 3.5. The mdG(q)^∗ method for (2.9) in fixed point form reads: For i = 1, . . . , N, j = M_i, . . . , 1, find {ξ_{ijn}}^{qij}_{n=0}, such that

(3.4) ξ_{ijn} = ξ^+_{ijqij} + ∫ I_{ij}

w^{[qij ]}_n (τ_{ij}(t))f^∗_i (Φ(t), t) dt,

with ξ^+_{ijqij} = { ξ_{i,j+1,0}, j < M_i, ψ_i, j = M_i, where f^∗(Φ, ·) = J^⊤(πu, U, ·)Φ + g, {w^{[qij ]}n }^{qij}_{n=0} ⊂ P^{qij} ([0, 1]), and τ_{ij} (t) = (t − t_{i,j−1})/(t_{ij} − t_{i,j−1}). A component Φ_i(t) of the solution is given on I_{ij} by

Φ_i(t) =

q_{ij}∑

n=0 ξ_{ijn}λ^{[qij ]}_n (τ_{ij} (t)),

where {λ^{[qij ]}n }^{qij}_{n=0} ⊂ P^{qij} ([0, 1]) is the standard Lagrange basis on [0, 1] with t = 0 as one of its q_{ij} + 1 ≥ 1 nodal points.

Proof. The mdG(q)^∗ method is identical to the mdG(q) method with time reversed. □ Corollary 3.1. Let T_n be a time slab with synchronized time levels T_{n−1} and T_n. With time reversed for the dual methods (to simplify the notation), the mcG(q), mdG(q), mcG(q)^∗, and mdG(q)^∗ methods can all be expressed in the form: For all I_{ij} ∈ T_n, find {ξ_{ijn}}, such that (3.5) ξ_{ijn} = Ũ_i(T^−_{n−1}) +

∫_{ti,j−1}

T_{n−1}

f_i(U, ·) dt + ∫ I_{ij}

w^{[qij ]}_n (τ_{ij} (t))f_i(U, ·) dt,

with a suitable definition of Ũ_i(T^−_{n−1}). As before, τ_{ij} (t) = (t−t_{i,j−1})/(t_{ij} −t_{i,j−1}) and {w^{[qij ]}n } is a set of polynomial weight functions on [0, 1].

Proof. For mcG(q), mdG(q), and mdG(q)^∗, the result follows if we take Ũ(T^−_{n−1}) = U(T^−_{n−1}) and note that w^{[q]}q ≡ 1. For mcG(q)^∗, the result follows if we define Ũ(T^−_{n−1}) = u_i(0) + ∫_{Tn−1} 0 f_i(U, ·) dt. □

MULTI-ADAPTIVE GALERKIN METHODS FOR ODES III 11

3.2. Fixed point iteration. We now prove that for each of the four methods, mcG(q), mdG(q), mcG(q)^∗, and mdG(q)^∗, the fixed point iterations of Corollary 3.1 converge, proving existence of the discrete solutions.

Theorem 3.1. (Existence of solutions) Let K = max K_n be the maximum time slab length and define the Lipschitz constant L_f > 0 by (3.6) ‖f(x, t) − f(y, t)‖_{l∞} ≤ L_f ‖x − y‖_{l∞} ∀t ∈ [0, T ] ∀x, y ∈ R^N . If now (3.7) KC_qL_f < 1, where C_q is a constant of moderate size, depending only on the order and method, then each of the fixed point iterations, (3.1), (3.2), (3.3), and (3.4), converge to the unique solution of (2.2), (2.6), (2.12), and (2.15), respectively.

Proof. Let x = (. . . , ξ_{ijn}, . . .) be the set of values for the degrees of freedom of U(t) on the time slab T_n of length K_n = T_n − T_{n−1} ≤ K. Then, by Corollary 3.1, we can write the fixed point iteration on the time slab in the form

ξ_{ijn} = g_{ijn}(x) = Ũ_i(T^−_{n−1}) +

∫_{ti,j−1}

T_{n−1}

f_i(U, ·) dt + ∫ I_{ij}

w^{[qij ]}_n (τ_{ij} (t))f_i(U, ·) dt.

Let V (t) be another trial space function on the time slab with degrees of freedom y = (. . . , η_{ijn}, . . .). Then,

g_{ijn}(x) − g_{ijn}(y) =

∫_{ti,j−1}

T_{n−1}

(f_i(U, ·) − f_i(V, ·)) dt + ∫ I_{ij}

w^{[qij ]}_n (τ_{ij} (t))(f_i(U, ·) − f_i(V, ·)) dt, and so

‖g(x) − g(y)‖_{l∞} ≤ CL_f

∫_{Tn}

T_{n−1}

‖U(t) − V (t)‖_{l∞} dt ≤ CL_f K sup_{(Tn−1 ,Tn]} ‖U(t) − V (t)‖_{l∞} .

Noting now that |U_i(t) − V_i(t)| ≤ ∑ n |ξ_{ijn} − η_{ijn}||λ^{[qij ]}_n (t)| ≤ C^′‖x − y‖_∞,

for t ∈ I_{ij} , we thus obtain ‖g(x) − g(y)‖_{l∞} ≤ CC^′L_f K‖x − y‖_{l∞} .

By Banach’s fixed point theorem, we conclude that the fixed point iteration converges to a unique fixed point if CC^′L_f K < 1. □

12 ANDERS LOGG

4. Stability estimates In this section, we prove stability estimates for the multi-adaptive methods and the corresponding multi-adaptive dual methods. We consider the linear model problem u̇(t) + A(t)u(t) = 0, t ∈ (0, T ], u(0) = u_0,

(4.1)

where A = A(t) is a piecewise smooth N ×N matrix on (0, T ]. The dual backward problem of (4.1) for ϕ = ϕ(t) is then given by −ϕ̇(t) + A^⊤(t)ϕ(t) = 0, t ∈ [0, T ), ϕ(T ) = ψ.

(4.2)

With w(t) = ϕ(T − t), we have ẇ(t) = −ϕ̇(T − t) = −A^⊤(T − t)w(t), and so (4.2) can be written as a forward problem for w in the form ẇ(t) + B(t)w(t) = 0, t ∈ (0, T ], w(0) = w_0,

(4.3)

where w_0 = ψ and B(t) = A^⊤(T − t). In the following discussion, w represents either u or ϕ(T − ·) and, correspondingly, W represents either the discrete mc/dG(q) approximation U of u or the discrete mc/dG(q)^∗ approximation Φ of ϕ.

4.1. Exponential stability estimates. The stability estimates are based on the following version of the discrete Grönwall inequality.

Lemma 4.1. (A discrete Grönwall inequality) Assume that z, a : N → R are non-negative, a(m) ≤ 1/2 for all m, and z(n) ≤ C +

∑_n

m=1 a(m)z(m) for all n. Then, for n = 1, 2, . . ., we have

(4.4) z(n) ≤ 2C exp

(_{n−1} ∑ m=1 2a(m) ) . Proof. By a standard discrete Grönwall inequality, we have z(n) ≤ C exp

(∑_{n−1} m=0 a(m) ) , if z(n) ≤ C +

∑_{n−1} m=0 a(m)z(m) for n ≥ 1 and z(0) ≤ C, see [8]. Here, (1 − a(n))z(n) ≤ C + ∑_{n−1}

m=1 a(m)z(m), and so z(n) ≤ 2C +

∑_{n−1}

m=1 2a(m)z(m), since 1 − a(n) ≥ 1/2. The result now follows if we take a(0) = z(0) = 0. □ Theorem 4.1. (Stability estimate) Let W be the mcG(q), mdG(q), mcG(q)^∗, or mdG(q)^∗ solution of (4.3). Then, there is a constant C_q of moderate size, depending only on the highest order max q_{ij} , such that if (4.5) K_nC_q‖B‖_{L∞([Tn−1,Tn],lp)} ≤ 1, n = 1, . . . , M, then

(4.6) ‖W ‖_{L∞([Tn−1,Tn],lp)} ≤ C_q‖w_0‖_{lp} exp

(_{n−1} ∑ m=1 K_mC_q‖B‖_{L∞([Tm−1 ,Tm],lp)} ) ,

MULTI-ADAPTIVE GALERKIN METHODS FOR ODES III 13

for n = 1, . . . , M, 1 ≤ p ≤ ∞.

Proof. By Corollary 3.1, we can write the mcG(q), mdG(q), mcG(q)^∗, and mdG(q)^∗ methods in the form

ξ_{ijn}′ = w_i(0) +

∫_{ti,j−1} 0 f_i(W, ·) dt + ∫ I_{ij}

w^{[qij ]}_n′ (τ_{ij} (t))f_i(W, ·) dt.

Applied to the linear model problem (4.3), we have

ξ_{ijn}′ = w_i(0) −

∫_{ti,j−1} 0 (BW )_i dt − ∫ I_{ij}

w^{[qij ]}_n′ (τ_{ij} (t))(BW )_i dt,

and so

|ξ_{ijn}′ | ≤ |w_i(0)| + | | | ∫_{ti,j−1} 0 (BW )_i dt | | | + | | | | ∫ I_{ij}

w^{[qij ]}_n′ (τ_{ij} (t))(BW )_i dt | | | | ≤ |w_i(0)| + C

∫_{tij} 0 |(BW )_i| dt ≤ |w_i(0)| + C

∫_{Tn} 0 |(BW )_i| dt,

where T_n is smallest synchronized time level for which t_{ij} ≤ T_n. It now follows that for all t ∈ [T_{n−1}, T_n], we have |W_i(t)| ≤ C|w_i(0)| + C

∫_{Tn} 0 |(BW )_i| dt, and so

‖W (t)‖_{lp} ≤ C‖w_0‖_{lp} + C

∫_{Tn} 0 ‖BW ‖_{lp} dt = C‖w_0‖_{lp} + C n∑ m=1 ∫_{Tm}

T_{m−1}

‖BW ‖_{lp} dt.

With W̄_n = ‖W ‖_{L∞([Tn−1,Tn],lp)}, this means that

W̄_n ≤ C‖w_0‖_{lp} + C n∑ m=1 K_m‖B‖_{L∞([Tm−1,Tm],lp)}W̄_m

≡ (C_q/2)‖w_0‖_{lp} + n∑ m=1 K_m(C_q/2)‖B‖_{L∞([Tm−1,Tm],lp)}W̄_m.

By assumption, K_mC_q‖B‖_{L∞([Tm−1 ,Tm],lp)} ≤ 1 for all m, and so the result follows by Lemma 4.1. □

4.2. Stability estimates for parabolic problems. We consider now the parabolic model problem u̇(t) + Au(t) = 0, with A a symmetric, positive semidefinite, and constant N × N matrix, and prove stability estimates for the mdG(q) and mdG(q)^∗ methods. As before, we write the problem in the form (4.3), and note that B = A = A^⊤. We thus consider the problem: Find w : [0, T ] → R^N , such that ẇ(t) + Aw(t) = 0, t ∈ (0, T ],

w(0) = w_0.

(4.7)

For the continuous problem (4.7), we have the following standard strong stability estimates, where “strong” indicates control of Aw (or ẇ) in terms of (the l_2-norm of) the initial data w_0.

14 ANDERS LOGG

Theorem 4.2. (Strong stability for the continuous problem) The solution w of (4.7) satisfies for T > 0 and 0 < ϵ < T with ‖ · ‖ = ‖ · ‖_{l2} ,

‖w(T )‖^2 + 2

∫_T 0 (Aw, w) dt = ‖w_0‖^2,

(4.8) ∫_T 0 t ‖Aw‖^2 dt ≤ 1 4 ‖w_0‖^2,

(4.9) ∫_T ϵ ‖Aw‖ dt ≤ 1 2 (log(T/ϵ))^{1/2} ‖w_0‖.

(4.10)

Proof. Multiply (4.7) with v = w, v = tAw, and v = t^2A^2w, respectively. See [2] for a full proof. □

We now prove an extension to multi-adaptive time-stepping of the strong stability estimate Lemma 6.1 in [1]. See also Lemma 1 in [3] for a similar estimate. In the proof, we use a special interpolant π, defined on the partition T as follows. On each local interval, the component (πφ)_i of the interpolant πφ of a given function φ : [0, T ] → R^N , is defined by the following conditions: (πφ_i)|_{Iij} ∈ P^{qij} (I_{ij}) interpolates φ_i at the left end-point t^+_{i,j−1} of I_{ij} and πφ_i − φ_i is orthogonal to P^{qij −1}(I_{ij} ). (This is the interpolant denoted by π^{[q]}_{dG}∗ in [6].) We also introduce the left-continuous piecewise constant function t̄ = t̄(t) defined by t̄(t) = min_{ij} {t_{ij} : t ≤ t_{ij} }. With {t_m} the ordered sequence of individual time levels {t_{ij}}, as illustrated in Figure 3, t̄ = t̄(t) is thus the piecewise constant function that takes the value t_m on (t_{m−1}, t_m]. We make the following assumption on the partition T :

(4.11) T_{n−1}

∫_{Tn}

T_{n−1}

(Av, Av) dt ≤ γ

∫_{Tn}

T_{n−1}

(Av, π(t̄Av)) dt, n = 2, . . . , M,

for all functions v in the trial (and test) space V of the mdG(q) and mdG(q)^∗ methods, where γ ≥ 1 is a constant of moderate size if Av is not close to being orthogonal to V . In the case of equal time steps for all components, this estimate is trivially true, because then πAv = Av since Av ∈ V if v ∈ V . Note that we may computationally test the validity of (4.11), see [7].

Theorem 4.3. (Strong stability for the discrete problem) Let W be the mdG(q) or mdG(q)^∗ solution of (4.7), computed with the same time step and order for all components on the first time slab T_1. Assume that (4.11) holds and that σK_n ≤ T_{n−1}, n = 2, . . . , M, for some

MULTI-ADAPTIVE GALERKIN METHODS FOR ODES III 15

constant σ > 1. Then, there is a constant C = C(q, γ, σ), such that

‖W (T )‖^2 + 2

∫_T 0 (AW, W ) dt + N∑ i=1

M_i∑

j=1 [W_i]^2_{i,j−1} = ‖w_0‖^2,

(4.12) M∑ n=1 T_n

∫_{Tn}

T_{n−1} { ‖Ẇ ‖^2 + ‖AW ‖^2 } dt + M∑ n=1 T_n ∑ ij [W_i]^2_{i,j−1}/k_{ij} ≤ C ‖w_0‖^2,

(4.13)

∫_T 0 { ‖Ẇ ‖ + ‖AW ‖ } dt + N∑ n=1 ( ∑ ij |[W_i]_{i,j−1}|^2

)_{1/2} ≤ C ( log T K_1 + 1 )_{1/2} ‖w_0‖,

(4.14)

where ‖ · ‖ = ‖ · ‖_{l2} , ∑ ij denotes the sum over all elements within the current time slab T_n, and where in all integrals the domain of integration does not include points where the integrand is discontinuous.

Proof. We follow the proof presented in [1] and make extensions where necessary. With V the trial (and test) space for the mdG(q) method defined in Section 2, the mdG(q) (or mdG(q)^∗) approximation W of w on a time slab T_n is defined as follows: Find W ∈ V , such that

(4.15) ∑ ij ( [W_i]_{i,j−1}v_i(t^+_{i,j−1}) + ∫ I_{ij}

Ẇ_iv_i dt ) + ∫_{Tn}

T_{n−1}

(AW, v) dt = 0,

for all test functions v ∈ V , where the sum is taken over all intervals I_{ij} within the time slab T_n. To prove the basic stability estimate (4.12), we take v = W in (4.15) to get 1 2 ∑ ij [W_i]^2_{i,j−1} + 1 2 ‖W (T^−_n )‖^2 − 1 2 ‖W (T^−_{n−1})‖^2 +

∫_{Tn}

T_{n−1}

(AW, W ) dt = 0.

The estimate now follows by summation over all time slabs T_n.

For the proof of (4.13), we would like to take v = tAW in (4.15), but this is not a valid test function. In the proof of Lemma 6.1 in [1], the test function is chosen as v = T_nAW , which is not possible in the multi-adaptive case, since A mixes the components of W and as a result, v_i = T_n(AW )_i may not be a test function for component W_i. Instead, we take v = π(t̄AW ), with π and t̄ defined as above, to obtain ∑ ij ( [W_i]_{i,j−1}(t̄(AW )_i)(t^+_{i,j−1}) + ∫ I_{ij}

Ẇ_i t̄(AW )_i dt ) + ∫_{Tn}

T_{n−1}

(AW, π(t̄AW )) dt = 0,

where we have used the orthogonality condition of the interpolant for Ẇ_i ∈ P^{qij −1}(I_{ij} ). Noting that [W_i]_m = W_i(t^+_m) − W_i(t^−_m) = 0 if component i has no node at time t = t_m, we rewrite the sum as a sum over all intervals (t_{m−1}, t_m] within (T_{n−1}, T_n], in the form ∑ i ∑ m [W_i]_{m−1}t_m(AW (t^+_{m−1}))_i + ∫ I_m

Ẇ_i t_m(AW )_i dt

16 ANDERS LOGG

PSfrag replacements

Figure 3. The sequence {t_m} of individual time levels.

= ∑ m t_m([W ]_{m−1}, AW (t^+_{m−1})) + t_m 2 ∫ I_m d dt (W, AW ) dt = ∑ m t_m 2 ([W ]_{m−1}, A[W ]_{m−1}) + t_m 2 [ (W (t^−_m), AW (t^−_m)) − (W (t^−_{m−1}), AW (t^−_{m−1})) ] , where, using the notation k_m = t_m − t_{m−1}, we note that ∑ m t_m 2 [ (W (t^−_m), AW (t^−_m)) − (W (t^−_{m−1}), AW (t^−_{m−1})) ]

= ∑ m t_m 2 (W (t^−_m), AW (t^−_m)) − t_{m−1} 2 (W (t^−_{m−1}), AW (t^−_{m−1})) − k_m 2 (W (t^−_{m−1}), AW (t^−_{m−1})) = T_n 2 (W (T^−_n ), AW (T^−_n )) −

T_{n−1} 2 (W (T^−_{n−1}), AW (T^−_{n−1})) − ∑ m k_m 2 (W (t^−_{m−1}), AW (t^−_{m−1})).

Collecting the terms, we thus have ∑ m t_m([W ]_{m−1}, A[W ]_{m−1}) + T_n(W (T^−_n ), AW (T^−_n )) − T_{n−1}(W (T^−_{n−1}), AW (T^−_{n−1})) + + 2 ∫_{Tn}

T_{n−1}

(AW, π(t̄AW )) dt = ∑ m k_m(W (t^−_{m−1}), AW (t^−_{m−1})).

(4.16)

For n = 1, we have

∫_{Tn}

T_{n−1}

(AW, π(t̄AW )) dt = T_1

∫_{T1} 0 (AW, π(AW )) dt = T_1

∫_{T1} 0 ‖AW ‖^2 dt,

MULTI-ADAPTIVE GALERKIN METHODS FOR ODES III 17

since π(AW ) = AW on [0, T_1], where the same time steps and orders are used for all components. We further estimate the right-hand side of (4.16) as follows:

K_1(w_0, Aw_0) = K_1([W ]_0, A[W ]_0) − K_1(W (0^+), AW (0^+)) + 2K_1(w_0, AW (0^+)) ≤ T_1([W ]_0, A[W ]_0) + 2K_1(w_0, AW (0^+)) ≤ T_1([W ]_0, A[W ]_0) + 1 ϵ ‖w_0‖^2 + ϵK^2_1 ‖AW (0^+)‖^2

≤ T_1([W ]_0, A[W ]_0) + 1 ϵ ‖w_0‖^2 + ϵC_qT_1

∫_{T1} 0 ‖AW ‖^2 dt,

where we have used an inverse estimate for AW on [0, T_1]. With ϵ = 1/C_q, we thus obtain the estimate (4.17) T_1(W (T^−_1 ), AW (T^−_1 )) + T_1

∫_{T1} 0 ‖AW ‖^2 ≤ C_q‖w_0‖^2.

For n > 1, it follows by the assumption (4.11), that

∫_{Tn}

T_{n−1}

(AW, π(t̄AW )) dt ≥ γ^{−1}T_{n−1}

∫_{Tn}

T_{n−1}

‖AW ‖^2 dt ≥ γ^{−1}σ σ + 1

T_n

∫_{Tn}

T_{n−1}

‖AW ‖^2 dt,

where we have also used the assumption T_{n−1} ≥ σK_n. The terms on the right-hand side of (4.16) are now estimated as follows:

k_m(W (t^−_{m−1}), AW (t^−_{m−1})) = k_m(W (t^+_{m−1}) − [W ]_{m−1}, A(W (t^+_{m−1}) − [W ]_{m−1}))

= k_m [ (W (t^+_{m−1}), AW (t^+_{m−1})) + ([W ]_{m−1}, A[W ]_{m−1}) − 2(W (t^+_{m−1}), A[W ]_{m−1}) ] ≤ k_m [ (1 + β)(W (t^+_{m−1}), AW (t^+_{m−1})) + (1 + β^{−1})([W ]_{m−1}, A[W ]_{m−1}) ] , for any β > 0. We choose β = 1/(σ − 1), to obtain

k_m(W (t^−_{m−1}), AW (t^−_{m−1})) ≤ σk_m σ − 1

(W (t^+_{m−1}), AW (t^+_{m−1})) + σk_m([W ]_{m−1}, A[W ]_{m−1}) ≤ C_qσ σ − 1 ∫ I_m

(W, AW ) dt + σk_m([W ]_{m−1}, A[W ]_{m−1}),

where we have again used an inverse estimate, for W on I_m. From the assumption that σK_n ≤ T_{n−1} for n > 1, it follows that σk_m ≤ σK_n ≤ T_{n−1} ≤ t_m, and so

T_n(W (T^−_n ), AW (T^−_n )) − T_{n−1}(W (T^−_{n−1}), AW (T^−_{n−1})) +

2γ^{−1}σ σ + 1

T_n

∫_{Tn}

T_{n−1}

‖AW ‖^2 dt ≤ C_qσ σ − 1

∫_{Tn}

T_{n−1}

(W, AW ) dt.

18 ANDERS LOGG

Summing over n > 1 and using the estimate (4.17) for n = 1, we obtain by (4.12),

T (W (T^−), AW (T^−)) + T_1

∫_{T1} 0 ‖AW ‖^2 dt +

2γ^{−1}σ σ + 1 M∑ n=2 T_n

∫_{Tn}

T_{n−1}

‖AW ‖^2 dt

≤ C_q‖w_0‖^2 +

C_qσ σ − 1

∫_T

T_1

(W, AW ) dt ≤ C_q ( 1 + σ/2 σ − 1 ) ‖w_0‖^2,

which we write as M∑ n=1 T_n

∫_{Tn}

T_{n−1}

‖AW ‖^2 dt ≤ C ‖w_0‖^2,

noting that T (W (T^−), AW (T^−)) ≥ 0. For the proof of (4.13), it now suffices to prove that

(4.18)

∫_{Tn}

T_{n−1}

‖Ẇ ‖ dt ≤ C

∫_{Tn}

T_{n−1}

‖AW ‖^2 dt, and (4.19) ∑ ij [W_i]^2_{i,j−1}/k_{ij} ≤ C

∫_{Tn}

T_{n−1}

‖AW ‖^2 dt.

To prove (4.18), we take v_i = (t − t_{i,j−1})Ẇ_i/k_{ij} on each local interval I_{ij} in (4.15), which gives ∑ ij ∫ I_{ij}

t − t_{i,j−1}

k_{ij}

Ẇ^2_i dt = − ∑ ij ∫ I_{ij}

(AW )_i t − t_{i,j−1} k_{ij}

Ẇ_i dt

≤ ∑ ij (∫ I_{ij}

t − t_{i,j−1} k_{ij}

(AW )^2_i dt

)_{1/2} (∫

I_{ij}

t − t_{i,j−1} k_{ij}

Ẇ^2_i dt

)_{1/2}

≤ ( ∑ ij ∫ I_{ij}

t − t_{i,j−1} k_{ij}

(AW )^2_i dt

)_{1/2} ( ∑ ij ∫ I_{ij}

t − t_{i,j−1} k_{ij}

Ẇ^2_i dt

)_{1/2} , where we have used Cauchy’s inequality twice; first on L_2(I_{ij}) and then on l_2. Using an inverse estimate for Ẇ^2_i , we obtain ∫_{Tn}

T_{n−1}

‖Ẇ ‖^2 dt = ∑ ij ∫ I_{ij}

Ẇ^2_i dt ≤ C_q ∑ ij ∫ I_{ij}

t − t_{i,j−1}

k_{ij}

Ẇ^2_i dt

≤ C_q ∑ ij ∫ I_{ij}

t − t_{i,j−1} k_{ij}

(AW )^2_i dt ≤ C_q ∑ ij ∫ I_{ij}

(AW )^2_i dt = C_q

∫_{Tn}

T_{n−1}

‖AW ‖ dt,

which proves (4.18).

MULTI-ADAPTIVE GALERKIN METHODS FOR ODES III 19

To prove (4.19), we take v_i = [W_i]_{i,j−1}/k_{ij} on each local interval I_{ij} in (4.15), which gives ∑ ij [W_i]^2_{i,j−1}/k_{ij} = − ∑ ij ∫ I_{ij}

(Ẇ_i + (AW )_i) [W_i]_{i,j−1}/k_{ij} dt

≤ ( ∑ ij ∫ I_{ij}

(Ẇ_i + (AW )_i)^2 dt

)_{1/2} ( ∑ ij [W_i]^2_{i,j−1}/k_{ij}

)_{1/2} , where we have again used Cauchy’s inequality twice. We thus have ∑ ij [W_i]^2_{i,j−1}/k_{ij} ≤ 2

∫_{Tn}

T_{n−1}

‖Ẇ ‖^2 dt + 2

∫_{Tn}

T_{n−1}

‖AW ‖^2 dt,

and so (4.19) follows, using (4.18). This also proves (4.13).

Finally, to prove (4.14), we use Cauchy’s inequality with (4.13) to get M∑ n=1 ∫_{Tn}

T_{n−1}

‖Ẇ ‖ dt = M∑ n=1 √ K_n/T_n √ T_n/K_n

∫_{Tn}

T_{n−1}

‖Ẇ ‖ dt

≤ (_M ∑ n=1 K_n/T_n

)_{1/2} (_M ∑ n=1 T_n

∫_{Tn}

T_{n−1}

‖Ẇ ‖^2 dt

)_{1/2}

≤ ( 1 + ∫_T

T_1 1 t dt )_{1/2}

C‖w_0‖ ≤ C (log(T/K_1) + 1)^{1/2} ‖w_0‖,

with a similar estimate for AW . The proof is now complete, noting that M∑ n=1 ( ∑ ij |[W_i]_{i,j−1}|^2

)_{1/2} ≤ M∑ n=1 ( K_n T_n

T_n ∑ ij |[W_i]_{i,j−1}|^2/k_{ij}

)_{1/2}

≤ (_M ∑ n=1 K_n/T_n

)_{1/2} (_M ∑ n=1 T_n ∑ ij |[W_i]_{i,j−1}|^2/k_{ij}

)_{1/2}

≤ C(log(T/K_1) + 1)^{1/2} ‖w_0‖. □

20 ANDERS LOGG

References

[1] K. Eriksson and C. Johnson, Adaptive finite element methods for parabolic problems I: A linear model problem, SIAM J. Numer. Anal., 28, No. 1 (1991), pp. 43–77.

[2] K. Eriksson, C. Johnson, and A. Logg, Adaptive computational methods for parabolic problems, To appear in Encyclopedia of Computational Mechanics, (2004).

[3] C. Johnson, Error estimates and adaptive time-step control for a class of one-step methods for stiff ordinary differential equations, SIAM J. Numer. Anal., 25 (1988), pp. 908–926.

[4] A. Logg, Multi-adaptive Galerkin methods for ODEs I, SIAM J. Sci. Comput., 24 (2003), pp. 1879– 1902.

[5] , Multi-adaptive Galerkin methods for ODEs II: Implementation and applications, SIAM J. Sci.

Comput., 25 (2003), pp. 1119–1141.

[6] , Interpolation estimates for piecewise smooth functions in one dimension, Tech. Rep. 2004–02, Chalmers Finite Element Center Preprint Series, 2004.

[7] , Multi-adaptive Galerkin methods for ODEs IV: A priori error estimates, Tech. Rep. 2004–05, Chalmers Finite Element Center Preprint Series, 2004.

[8] P. Niamsup and V. N. Phat, Asymptotic stability of nonlinear control systems described by difference equations with multiple delays, Electronic Journal of Differential Equations, 11 (2000), pp. 1–17.

MULTI-ADAPTIVE GALERKIN METHODS FOR ODES III 21

Chalmers Finite Element Center Preprints

2003–01 A hybrid method for elastic waves L.Beilina 2003–02 Application of the local nonobtuse tetrahedral refinement techniques near Fichera-like corners L.Beilina, S.Korotov and M. Křížek 2003–03 Nitsche’s method for coupling non-matching meshes in fluid-structure vibration problems Peter Hansbo and Joakim Hermansson 2003–04 Crouzeix–Raviart and Raviart–Thomas elements for acoustic fluid–structure interaction Joakim Hermansson 2003–05 Smoothing properties and approximation of time derivatives in multistep backward difference methods for linear parabolic equations Yubin Yan 2003–06 Postprocessing the finite element method for semilinear parabolic problems Yubin Yan 2003–07 The finite element method for a linear stochastic parabolic partial differential equation driven by additive noise Yubin Yan 2003–08 A finite element method for a nonlinear stochastic parabolic equation Yubin Yan 2003–09 A finite element method for the simulation of strong and weak discontinuities in elasticity Anita Hansbo and Peter Hansbo 2003–10 Generalized Green’s functions and the effective domain of influence Donald Estep, Michael Holst, and Mats G. Larson 2003–11 Adaptive finite element/difference method for inverse elastic scattering waves L.Beilina 2003–12 A Lagrange multiplier method for the finite element solution of elliptic domain decomposition problems using non-matching meshes Peter Hansbo, Carlo Lovadina, Ilaria Perugia, and Giancarlo Sangalli 2003–13 A reduced P^1–discontinuous Galerkin method R. Becker, E. Burman, P. Hansbo, and M. G. Larson 2003–14 Nitsche’s method combined with space–time finite elements for ALE fluid– structure interaction problems Peter Hansbo, Joakim Hermansson, and Thomas Svedberg 2003–15 Stabilized Crouzeix–Raviart element for the Darcy-Stokes problem Erik Burman and Peter Hansbo 2003–16 Edge stabilization for the generalized Stokes problem: a continuous interior penalty method Erik Burman and Peter Hansbo 2003–17 A conservative flux for the continuous Galerkin method based on discontinuous enrichment Mats G. Larson and A. Jonas Niklasson

2003–18 CAD–to–CAE integration through automated model simplification and adaptive modelling K.Y. Lee, M.A. Price, C.G. Armstrong, M.G. Larson, and K. Samuelsson 2003–19 Multi-adaptive time integration Anders Logg 2003–20 Adaptive computational methods for parabolic problems Kenneth Eriksson, Claes Johnson, and Anders Logg 2003–21 The FEniCS project T. Dupont, J. Hoffman, C. Johnson, R. Kirby, M. Larson, A. Logg, and R. Scott 2003–22 Adaptive finite element methods for LES: Computation of the mean drag coefficient in a turbulent flow around a surface mounted cube using adaptive mesh refinement Johan Hoffman 2003–23 Adaptive DNS/LES: a new agenda in CFD Johan Hoffman and Claes Johnson 2003–24 Multiscale convergence and reiterated homogenization of parabolic problem Anders Holmbom, Nils Svanstedt, and Niklas Wellander 2003–25 On the relationship between some weak compactnesses with different numbers of scales Anders Holmbom, Jeanette Silfver, Nils Svanstedt, and Niklas Wellander 2003–26 A posteriori error estimation in computational inverse scattering Larisa Beilina and Claes Johnson 2004–01 Computability and adaptivity in CFD Johan Hoffman och Claes Johnson 2004–02 Interpolation estimates for piecewise smooth functions in one dimension Anders Logg 2004–03 Estimates of derivatives and jumps across element boundaries for multiadaptive Galerkin solutions of ODEs Anders Logg 2004–04 Multi-adaptive Galerkin methods for ODEs III: Existence and stability Anders Logg

These preprints can be obtained from

www.phi.chalmers.se/preprints