FINITE ELEMENT CENTER

PREPRINT2001�15

AFiniteElement Method for Domain Decomposition with Non-MatchingGrids

RolandBecker,PeterHansboandRolfStenberg

ChalmersFiniteElementCenter CHALMERSUNIVERSITYOFTECHNOLOGY GΥoteborgSweden2001

CHALMERS FINITE ELEMENT CENTER

Preprint 2001�15

A Finite Element Method for Domain Decomposition with Non-Matching Grids

Roland Becker,Peter Hansboand RolfStenberg

ChalmersFiniteElement Center ChalmersUniversityofTechnology

SE�41296GΥoteborgSweden

GΥoteborg,August 2001

A Finite Element Method for Domain Decomposition with Non-Matching Grids Roland Becker, Peter Hansbo and Rolf Stenberg NO 2001�15 ISSN 1404�4382

Chalmers Finite Element Center Chalmers University of Technology SE�412 96 G¤oteborg Sweden Telephone: +46 (0)31 772 1000 Fax: +46 (0)31 772 3595

www.phi.chalmers.se

Printed in Sw eden
Chalm ersUniversity ofTechnology
G Υoteborg,Sw eden 2001

A FINITE ELEMENT METHOD FOR DOMAIN DECOMPOSITION WITH NON-MA TCHING GRIDS

ROLAND BECKER, PETER HANSBO, AND ROLF STENBER G

Abstra ct. In this note, we propose and analyse a metho d for handling interfaces between non-matc hing grids based on an approac h suggested by Nitsche [15] for the approximation of Dirichlet boundary conditions. The exposition is limited to self-adjoint elliptic problems, using Poisson’s equation as a model. A priori and a posteriori error estimates are given. Some numerical results are included.

1. Intr oduction In any domain decomposition method, one has to define how the continuity between the subdomains is to be enforced. Different approaches have been proposed:

• Iterativ e procedures, enforcing that the approximate solution or its normal derivative or combinations thereof should be continuous across interfaces. This forms the basis for the standard Schwarz alternating method as defined, e.g., by Lions [14].

• Direct procedures, using Lagrange multiplier techniques to achieve continuity. Different variants have been proposed, e.g., by Le Tallec and Sassi [13], and Bernadi, Maday, and Patera [8].

The multiplier method has the advantage of directly yielding a solvable global system. However, in the latter method, new unknowns (the multipliers) must be introduced and solved for. The method must then either satisfy the inf-sup condition, which necessitates special choices of multiplier spaces (such as mortar elements, cf. [8]), or then stabilization techniques (cf. Baiocchi, Brezzi, and Marini [3]) must be used.

In this paper, we consider a third possibility, i.e. Nitsche’s method [15], which was originally introduced for the purp ose of solving Dirichlet problems without enforcing the boundary conditions in the definition of the finite element spaces. This method has later been used by Arnold [2] for the discretization of second order elliptic equations by discontinuous finite elements. In earlier papers [16, 17] we have pointed out the close connection between Nitsche’s method and stabilized methods and proposed it as a mortaring method.

Date : August 30, 2001. Key words and phrases. Nitsche’s metho d, domain decomposition, non-matc hing grids. Roland Becker, Institute of Applied Mathematics, Heidelberg, INF 294, D-69120 Heidelberg, German y, email : roland.b ecker@iwr.uni-heidelb erg.de

Peter Hansb o, Departmen t of Solid Mechanics, Chalmers University of Technology, S–412 96 Göteborg, Sweden, email : hansb o@math.chalmers.se

Rolf Stenberg, Institute ofMathematics, Box 1100, FIN-02015 Helsinki University ofTechnology,Finland email : rolf.sten berg@hut.fi. 1

2 ROLAND BECKER, PETER HANSBO, AND ROLF STENBER G

In this paper we will give a more detailed analysis of this domain decomposition technique where independent approximations are used on the different subdomains. The continuity of the solution across interfaces is enforced weakly, but in such a way that the resulting discrete scheme is consistent with the original partial differential equation. Under some regularit y assumptions we derive both a priori and a posteriori error estimates. We also give numerical results obtained with the method.

Although we discuss its application to domain decomposition, the same technique is also suited for other applications, e.g.,

• to handle diffusion terms in the discontinuous Galerkin method [2, 6]; • to simplify mesh generation (differen t parts can be meshed independently from each other);

• finite element methods with different polynomial degree on adjacent elements; • new finite element methods such as linear approximations on quadrilaterals.

2. The domain decomposition method In this section we will introduce the mortaring method based on the classical method of Nitsche. We will perform a classical stabilit y and a priori error analysis. For simplicity, we consider the model Poisson problem, i.e. of solving the partial differential equation

− Δ u = f in Ω ,

u = 0 on ∂Ω ,

(2.1)

where Ω is a bounded domain in two or three space dimensions and f ∈ L_2(Ω).

Likewise for ease of presentation, we consider only the case where Ω is divided into two non-overlapping subdomains Ω_1 and Ω_2, Ω_1 ∪ Ω_2, with interface Γ = Ω_1 ∩ Ω_2. We further assume that the subdomains are polyhedral (or polygonal in IR^2) and that Γ is polygonal (or a broken line).

This equation can be written in weak form as: find u ∈ H^1_0 (Ω) such that

a(u, v) = (f ,v), ∀v ∈ H^1_0 (Ω) ,

(2.2)

where

a(u, v) = ∫ Ω ∇ u ·∇ vdx, (f ,v) = ∫ Ω f vdx,

(2.3)

and H^1_0 (Ω) is the space of square-integrable functions, with square-integrable first derivatives, that vanish on the boundary ∂Ω of Ω.

Our discrete method for the approximate solution of (2.1) is a nonconforming finite element method which is continuous within each Ω_i and discontinuous across Γ. We start

DOMAIN DECOMPOSITION WITH NON-MA TCHING GRIDS 3

by rewriting the original problem (2.1) as two equations and the interface conditions: − Δ u_i = f in Ω_i, i = 1,2,

u_i = 0 on ∂Ω ∩ Ω_i, i = 1,2, u_1 − u_2 = 0 on Γ,

(2.4) ∂u_1 ∂n_1 + ∂u_2 ∂n_2

= 0 on Γ.

Here, n_i is the outward unit normal to ∂Ω_i.

We will perform our analysis under the following regularit y assumption.

Assumption 2.1. The solution of (2.2) satisfies u ∈ H^s(Ω) , with s > 3/2.

With this assumption it holds ∂u_i/∂n_i ∈ L_2(Γ) and the two problems (2.1) and (2.4) are equivalent (see for example [1]) with: u|_{Ω i} = u_i, i = 1,2.

(2.5)

In the following we will therefore write u = (u_1,u_2) ∈ V_1 × V_2 with the continuous spaces V_i = { v_i ∈ H^1(Ω_i) : ∂v_i/∂n_i ∈ L_2(Γ) , v_i|_{∂Ω ∩ ∂Ω i} = 0 } , i = 1,2.

To formulate our method, we suppose that we have regular finite element partitionings T^i_h of the subdomains Ω_i into shape regular simplexes. These two meshes induce ”trace” meshes on the interface G^i_h = { E : E = K ∩ Γ, K ∈ T^i_h }.

(2.6)

By h_K and h_E we denote the diameter of element K ∈ T^i_h and E ∈ G^i_h, respectively. For the purp ose of the a priori analysis, we also define h = max{h_K , h_E : K ∈ T^i_h, E ∈ G^i_h, i = 1,2. }.

We seek the approximation u_h = (u_{1,h},u_{2,h}) in the space V^h = V^h_1 × V^h_2 , where V^h_i = { v_i ∈ V_i : v_i|_K is a polynomial of degree p for all K ∈ T^i_h } , choosing for simplicity p constant on all subdomains. On the interface we will use the notation [[v]] := v_1 − v_2

(2.7) for the jump,

{v} := 1 2 v_1 + 1 2 v_2

(2.8)

for the average and

⟨v,w⟩_S := ∫ S vwds, for S ∈ G^i_h, or S = Γ.

(2.9)

Finally, we denote n := n_1 = − n_2.

(2.10)

4 ROLAND BECKER, PETER HANSBO, AND ROLF STENBER G

With this notation we have { ∂v ∂n } = 1 2 ∂v_1 ∂n_1 − 1 2 ∂v_2 ∂n_2

(2.11)

and hence { ∂u ∂n } = ∂u ∂n = ∂u_1 ∂n_1 = − ∂u_2 ∂n_2 . (2.12)

The methods of Nitsche [15] and Arnold [2] now give the following domain decomposition method. Mortar Metho d. Find u_h ∈ V^h such that a_h(u_h,v) = f_h(v) ∀v ∈ V^h,

(2.13) with

a_h(w,v) := 2∑ i=1 [ (∇ w_i,∇ v_i)_{Ω i} + γ ∑ E ∈ G^i_h

h^{− 1}_E ⟨[[w]],[[v]]⟩_E ] (2.14)

− ⟨ { ∂w ∂n } ,[[v]] ⟩ Γ − ⟨ { ∂v ∂n } ,[[w]] ⟩ Γ and f_h(v) := 2∑ i=1 (f ,v_i)_{Ω i} ,

(2.15)

where γ > 0 is chosen sufficiently large, see Lemma 2.5 below.

The first observation is that this formulation gives a consistent method.

Lemma 2.2. The solution u = (u_1,u_2) to (2.4) satisfies a_h(u, v) = f_h(v) ∀v ∈ V.

(2.16)

Proof. Multiplying the first equation in (2.4) with v_i, integrating over Ω_i, using Greens formula and the relations (2.12) yields

f_h(v) = 2∑ i=1 (f ,v_i)_{Ω i} = 2∑ i=1 [ (∇ u_i,∇ v_i)_{Ω i} − ⟨ ∂u_i ∂n_i

,v_i ⟩ Γ ]

= 2∑ i=1 (∇ u_i,∇ v_i)_{Ω i} − ⟨ { ∂u ∂n } ,[[v]] ⟩ Γ . (2.17)

Since [[u]] = 0 on Γ we have

0 = − ⟨ { ∂v ∂n } ,[[u]] ⟩ Γ + γ 2∑ i=1 ∑ E ∈ G^i_h

h^{− 1}_E ⟨[[u]],[[v]]⟩_E .

(2.18)

Adding (2.17) and (2.18) the gives the claim.

DOMAIN DECOMPOSITION WITH NON-MA TCHING GRIDS 5

For the stabilit y analysis below we need the following mesh-dependent dual norms. To emphasize that Γ is to be considered as a part of ∂Ω_i we write Γ_i.

‖v‖^2_{1/2,h,Γ i} = ∑ E ∈ G^i_h

h^{− 1}_E ‖v‖^2_{L2(E )}

(2.19) and ‖v‖^2_{− 1/2,h,Γ i} = ∑ E ∈ G^i_h

h_E ‖v‖^2_{L2(E )} ,

(2.20)

which satisfy |⟨v,w⟩_Γ | ≤ ‖v‖_{1/2,h,Γ i} ‖v‖_{− 1/2,h,Γ i} .

(2.21)

We further define the norms ‖v‖^2_{1,h,Ω i} = ‖∇ v_i‖^2_{L2(Ω i )} + ‖[[v]]‖^2_{1/2,h,Γ i} ,

(2.22)

‖v‖^2_{1,h} = 2∑ i=1 ‖v_i‖^2_{1,h,Ω i} ,

(2.23) and |‖v‖|^2_{1,h,Ω i} = ‖v‖^2_{1,h,Ω i} + ‖ ‖ ‖ ∂v_i ∂n_i ‖ ‖ ‖ 2

− 1/2,h,Γ_i , (2.24)

|‖v‖|^2_{1,h} = 2∑ i=1 |‖v_i‖|^2_{1,h,Ω i} .

(2.25)

The following estimate is readily proved by local scaling.

Lemma 2.3. There is a positive constant C_I such that ‖ ‖ ‖ ∂v_i ∂n_i ‖ ‖ ‖ 2

− 1/2,h,Γ_i

≤ C_I ‖∇ v_i‖^2_L2_{(Ω i )} ∀v_i ∈ V^h_i .

(2.26)

For linear elements ∇ v is constant on each element and then it is particularly easy to give a bound for the constant C_I , see Remark 2.11 below.

A immediate consequence of the above lemma is the equivalence of norms in the finite element subspace.

Lemma 2.4. The norms ‖ ·‖_{1,h} and |‖ ·‖|_{1,h} are equivalent on the subspace V^h.

The stabilit y of the method can now be proved.

Lemma 2.5. Suppose that γ > C_I /4. Then it holds

a_h(v,v) ≥ C|‖v‖|^2_{1,h} ∀v ∈ V^h.

6 ROLAND BECKER, PETER HANSBO, AND ROLF STENBER G

Proof. From the definition (2.14), the relation (2.12), and the preceeding lemmas we get

a_h(v,v) = 2∑ i=1 [ ‖∇ v_i‖^2_{L2(Ω i )} + γ ‖[[v]]‖^2_{1/2,h,Γ i} ] − 2 ⟨ [[v]], { ∂v ∂n } ⟩ Γ = 2∑ i=1 [ ‖∇ v_i‖^2_{L2(Ω i )} + γ ‖[[v]]‖^2_{1/2,h,Γ i} ] − ⟨ [[v]],

∂v_1 ∂n_1 ⟩ Γ + ⟨ [[v]],

∂v_2 ∂n_2 ⟩ Γ ≥ 2∑ i=1 [ ‖∇ v_i‖^2_{L2(Ω i )} + γ ‖[[v]]‖^2_{1/2,h,Γ i} − | | | ⟨ [[v]],

∂v_i ∂n_i ⟩ Γ | | | ]

≥ 2∑ i=1 [ ‖∇ v_i‖^2_{L2(Ω i )} + γ ‖[[v]]‖^2_{1/2,h,Γ i} − ‖v‖_{1/2,h,Γ i} ‖ ‖ ‖ ∂v_i ∂n_i ‖ ‖ ‖_{− 1/2,h,Γ i} ]

≥ 2∑ i=1 [( 1 − C_I 2ε ) ‖∇ v_i‖^2_{L2(Ω i )} + (γ − ε 2 ) ‖[[v]]‖^2_{1/2,h,Γ i} ]

≥ C_1‖v‖^2_{1,h} ≥ C_2|‖v‖|^2_{1,h},

for γ > ε/2 and choosing ε > C_I /2.

The following interp olation estimates holds, cf. Thomée [18].

Lemma 2.6. Suppose that u ∈ H^s(Ω) , with 3/2 < s ≤ p + 1. Then it holds

inf_{v∈ Vh} ‖u − v‖_{1,h} ≤ Ch^{s− 1} ‖u‖_H s_{(Ω)}

(2.27) and inf_{v∈ Vh} |‖u − v‖|_{1,h} ≤ Ch^{s− 1} ‖u‖_H s_{(Ω)} .

(2.28)

We are now able to prove the following a priori error estimate.

Theorem 2.7. Suppose γ > C_I /4. Then it holds

|‖u − u_h‖|_{1,h} ≤ C inf_{v∈ Vh} |‖u − v‖|_{1,h}.

If u ∈ H^s(Ω) , for 3/2 < s ≤ p + 1, then

|‖u − u_h‖|_{1,h} ≤ Ch^{s− 1} ‖u‖_H s_{(Ω)} .

Proof. Since the bilinear form a_h is bounded with respect to the norm |‖ ·‖|_{1,h}, the first inequality follows from the stabilit y estimate of Lemma 2.5 and the triangle inequality. The second estimate then follows from Lemma 2.6.

Remark 2.8. As [[u]] = 0 on Γ the error estimate gives ‖[[u_h]]‖_{− 1/2,h,Γ i} = O(h^{s− 1}). For quasi-uniform meshes it then holds ‖[[u_h]]‖_{L2(Γ)} = O(h^{s− 1/2}).

DOMAIN DECOMPOSITION WITH NON-MA TCHING GRIDS 7

Remark 2.9. The presented method resembles a mesh-dependent penalty method, but with added consistency terms involving normal derivatives across the interface. Note that the formulation allows us to deduce optimal order error estimates with preserved condition number of O(h^{− 2}) for a quasiuniform mesh. Pure penalty methods, in contrast, are not consistent, and optimal error estimates require degrading the condition number for higher polynomial approximation (cf. [5]).

Remark 2.10. The form a_h(·,·) in (2.14) is symmetric and positive definite, which is natur al as the problem to be approximated has the same properties. With this there exists fast solvers for the resulting matrix problem. If the bilinear form is changed to

a_h(w,v) := 2∑ i=1 [ (∇ w_i,∇ v_i)_{Ω i} + γ ∑ E ∈ G^i_h

h^{− 1}_E ⟨[[w]],[[v]]⟩_E ] (2.29)

− ⟨ { ∂w ∂n } ,[[v]] ⟩ Γ + ⟨ { ∂v ∂n } ,[[w]] ⟩ Γ , then one obtains a method which is stable for all positive values of γ: a_h(v,v) ≥ C|‖v‖|^2_{1,h} ∀v ∈ V^h, ∀γ > 0.

If the Laplace operator is a part of a problem which is not symmetric, then it might be practical to use this nonsymmetric bilinear form. See [10, 11] for applications to convection diffusion problems.

Remark 2.11. For linear elements ∇ v_i (v_i ∈ V^h_i ) is constant on each element and hence for K ∈ T^i_h with the base E ∈ G^i_h we have ‖ ‖ ‖ ∂v_i ∂n_i ‖ ‖ ‖ 2

0,E = meas(E) | | ∂v_i ∂n_i | |^2

(2.30) and ‖∇ v_i‖^2_{0,K} ≥ ‖ ‖ ‖ ∂v^i ∂n_i ‖ ‖ ‖^2 0,K = meas(K) | | | ∂v_i ∂n_i | | |^2

(2.31)

and hence it holds

h_E ‖ ‖ ‖ ∂v_i ∂n_i ‖ ‖ ‖ 2

0,E ≤ h_E meas(E) meas(K)

‖∇ v_i‖^2_{0,K} .

(2.32)

Hence, once the shape regularity of the mesh is specified, one has a bound for C_I . In a practical implementation easier would be to replace the weight γh^{− 1}_E in (2.14) with a parameter

α_K = α meas(E) meas(K) , (2.33)

with α > 1/4 fixed. With this all results of the paper hold.

8 ROLAND BECKER, PETER HANSBO, AND ROLF STENBER G

3. A posteriori err or estima tes We will first consider control of the error e = u− u_h in the mesh dependent energy norm |‖ ·‖|_{1,h}. We define the local and global estimators as

E_K (u_h)^2 = h^2_K ‖f + Δ u_h‖^2_{L2(K )} + h_K ‖ ‖ [[ ∂u_h ∂n_K ]]‖ ‖^2

L_2(∂K )

+ h^{− 1}_K ‖[[u_h]]‖^2_{L2(∂K )}

(3.1) and E(u_h) = [ ∑ K ∈ T_h

E_K (u_h)^2

]_{1/2} . (3.2)

To be able to control the normal derivatives across the interface, we introduce a ”saturation” assumption similar to the one used by Wohlmuth [19] in the context of a posteriori error estimates for the mortar element method. (We also remark that the assumption is consistent with the interp olation estimates of Theorem 2.6).

Assumption 3.1. There is a constant C such that ‖ ‖ ‖ ∂(u_i − u_{i,h} )

∂n_i ‖ ‖ ‖_{− 1/2,h,Γ i} ≤ C‖u^i − u^{i,h} ‖^{1,h,Ω} i .

(3.3)

A consequence of this assumption is the bound

|‖u − u_h‖|_{1,h} ≤ C‖u − u_h‖_{1,h}.

(3.4)

The a posteriori estimate is now the following.

Theorem 3.2. Suppose that the Assumption 3.1 is valid. Then there is a positive constant C such that

|‖u − u_h‖|_{1,h} ≤ CE(u_h).

(3.5)

Proof. We denote e = u − u_h. By Lemma 2.2 we have

‖e‖^2_{1,h} = a_h(e,e) + 2 ⟨ [[e]], { ∂e ∂n } ⟩ Γ + (1 − γ) 2∑ i=1 ∑ E ∈ G^i_h

h^{− 1}_E ⟨[[e]],[[e]]⟩_E

:= R_1 + R_2,

(3.6)

with

R_1 := a_h(e,e), and R_2 := 2 ⟨ [[e]], { ∂e ∂n } ⟩ Γ + (1 − γ) 2∑ i=1 ‖[[e]]‖^2_{1/2,h,Γ i} .

DOMAIN DECOMPOSITION WITH NON-MA TCHING GRIDS 9

Since [[e]]|_Γ = [[u_h]]|_Γ Assumption 3.1 gives

R_2 = ⟨ [[u_h]],

∂e_1 ∂n_1 ⟩ Γ − ⟨ [[u_h]],

∂e_2 ∂n_2 ⟩ Γ + (1 − γ) 2∑ i=1 ‖[[e]]‖^2_{1/2,h,Γ i}

≤ C 2∑ i=1 (‖[[u_h]]‖_{1/2,h,Γ i} ‖ ‖ ∂e^i ∂n_i ‖ ‖ − 1/2,h,Γ_i

+ ‖[[u_h]]‖_{1/2,h,Γ i} ‖[[e]]‖_{1/2,h,Γ i} )

≤ C‖e‖_{1,h}

(^2∑ i=1 ‖[[u_h]]‖_{1/2,h,Γ i} ) ≤ C‖e‖_{1,h}E(u_h).

(3.7)

Next, let π_he be the Clément interp olant to e, which satisfies ( ∑ K ∈ T_h ( h^{− 2}_K ‖e − π_he‖^2_{L2(K )} + h^{− 1}_K ‖e − π_he‖^2_{L2(∂K )}

)) 1/2

≤ C‖e‖_{1,h}

(3.8)

and ‖e − π_he‖_{1,h} ≤ C‖e‖_{1,h}.

(3.9)

From the consistency (2.2) we have a_h(e,π_he) = 0. Hence

R_1 = a_h(e,e) = a_h(e,e − π_he) = 2∑ i=1 ( (∇ e_i,∇ (e_i − π_he_i))_{Ω i} + γ ∑ E ∈ G^i_h

h^{− 1}_E ⟨[[e]],[[e − π_he]]⟩_E )

− ⟨ { ∂e ∂n } ,[[e − π_he]] ⟩ Γ − ⟨ { ∂(e − π_he) ∂n } ,[[e]] ⟩ Γ := S_1 + S_2 + S_3 + S_4.

(3.10)

Integrating by parts on each K ∈ T_h yields

S_1 = 2∑ i=1 (∇ e_i,∇ (e_i − π_he_i))_{Ω i}

(3.11) = ∑ K ∈ T_h ( − (Δ e,e − π_he)_K + ⟨ ∂e ∂n_K

,e − π_he⟩_{∂K} )

:= T_1 + T_2.

10 ROLAND BECKER, PETER HANSBO, AND ROLF STENBER G

Since on K ∈ T_h it holds − Δ e = − Δ u+ Δ u_h = f + Δ u_h, the first term above is estimated using (3.8)

T_1 = − ∑ K ∈ T_h

(Δ e,e − π_he)_K

(3.12) ≤ ( ∑ K ∈ T_h

h^2_K ‖Δ u_h + f ‖^2_{L2(K )}

)_{1/2}( ∑

K ∈ T_h

h^{− 2}_K ‖e − π_he‖^2_{L2(K )}

)_{1/2}

≤ ( ∑ K ∈ T_h

h^2_K ‖Δ u_h + f ‖^2_{L2(K )}

)_{1/2}

‖e‖_{1,h}.

Let I_h be the collection of element sides in the interiors of the subdomains Ω_i. The boundary integrals in (3.11) above we now split into those in I_h and those lying on the interface Γ:

T_2 = ∑ K ∈ T_h ⟨ ∂e ∂n_K

,e − π_he⟩_{∂K} =

(3.13) ∑ E ∈ I_h ⟨ ∂e ∂n_E

,e − π_he⟩_E + ⟨

∂e_1 ∂n_1

,e_1 − π_he_1⟩_Γ + ⟨

∂e_2 ∂n_2

,e_2 − π_he_2⟩_Γ .

The integrals over the interior sides can now be grouped together two by two yielding the estimate | ∑ E ∈ I_h ⟨ ∂e ∂n_E

,e − π_he⟩_E |

(3.14)

≤ C [ ∑ K ∈ T_h

h_K ‖ ‖ ‖ [[ ∂u_h ∂n_K ]]‖ ‖ ‖ 2

L_2(∂K )

]_{1/2}[ ∑

K ∈ T_h

h^{− 1}_K ‖e − π_he‖^2_{L2(∂K )}

]_{1/2}

≤ C [ ∑ K ∈ T_h

h_K ‖ ‖ ‖ ‖ [[ ∂u_h ∂n_K ]]‖ ‖ ‖ 2

L_2(∂K )

]_{1/2}

‖e‖_{1,h},

where (3.8) was used.

Using the definition (2.11) we have

S_3 = − ⟨ { ∂e ∂n } ,[[e − π_he]] ⟩ Γ = − ⟨ 1 2 ∂e_1 ∂n_1 + 1 2 ∂e_2 ∂n_2

,e_1 − π_he_1 − (e_2 − π_he_2) ⟩ Γ = − ⟨ 1 2 ∂e_1 ∂n_1 − 1 2 ∂e_2 ∂n_2

,e_1 − π_he_1 ⟩ Γ + ⟨ 1 2 ∂e_1 ∂n_1 − 1 2 ∂e_2 ∂n_2

,(e_2 − π_he_2) ⟩ Γ . (3.15)

DOMAIN DECOMPOSITION WITH NON-MA TCHING GRIDS 11

Combining these terms with two last terms in (3.13) gives ⟨ ∂e_1 ∂n_1

,e_1 − π_he_1⟩_Γ + ⟨

∂e_2 ∂n_2

,e_2 − π_he_2⟩_Γ − ⟨ { ∂e ∂n } ,[[e − π_he]] ⟩ Γ = ⟨ (1 − 1 2 ) ∂e_1 ∂n_1 + 1 2 ∂e_2 ∂n_2

,e_1 − π_he_1 ⟩ Γ + ⟨ 1 2 ∂e_1 ∂n_1

+ (1 − 1 2 ) ∂e_2 ∂n_2

,(e_2 − π_he_2) ⟩ Γ = 1 2 ⟨ ∂e_1 ∂n_1 + ∂e_2 ∂n_2

,e_1 − π_he_1 ⟩ Γ + 1 2 ⟨ ∂e_1 ∂n_1 + ∂e_2 ∂n_2

,e_2 − π_he_2 ⟩ Γ = 1 2 ⟨ ∂(e_1 − e_2) ∂n ,e_1 − π_he_1 ⟩ Γ + 1 2 ⟨ ∂(e_1 − e_2) ∂n ,e_2 − π_he_2 ⟩ Γ = 1 2 ⟨ [[ ∂e ∂n ]] ,e_1 − π_he_1 ⟩ Γ + 1 2 ⟨ [[ ∂e ∂n ]] ,e_2 − π_he_2 ⟩ Γ (3.16) = 1 2 ⟨ [[

∂u_h ∂n ]] ,e_1 − π_he_1 ⟩ Γ + 1 2 ⟨ [[

∂u_h ∂n ]] ,e_2 − π_he_2 ⟩ Γ ≤ 1 2 E(u_h) [ ∑ K ∈ T_h

h^{− 1}_K ‖e − π_he‖^2_{L2(∂K )}

]_{1/2}

≤ CE(u_h)‖e‖_{1,h}. From (3.11) to (3.16) we now get S_1 + S_3 ≤ C‖e‖_{1,h}E(u_h).

(3.17) From the Clément estimate (3.8) have

S_2 = γ 2∑ i=1 ∑ E ∈ G^i_h

h^{− 1}_E ⟨[[e]],[[e − π_he]]⟩_E ≤ C‖e‖_{1,h}E(u_h).

To estimate the last term S_4 we use Lemma 2.3 and the Assumption 3.1

S_4 = − ⟨ { ∂(e − π_he) ∂n } ,[[e]] ⟩ Γ = − ⟨ { ∂e ∂n } ,[[e]] ⟩ Γ + ⟨ { ∂π_he ∂n } ,[[e]] ⟩ Γ ≤ C‖e‖_{1,h}E(u_h).

(3.18) Hence, collecting the estimates (3.10) to (3.18) yields R_1 ≤ C‖e‖_{1,h}E(u_h),

(3.19) which together with (3.7) proves the estimate ‖u − u_h‖_{1,h} = ‖e‖_{1,h} ≤ CE(u_h).

(3.20) The claim then follows from (3.4).

Next, we consider the error in the L_2-norm. This is measured with the estimator

L(u_h) = [ ∑ K ∈ T_h

h^2_K E_K (u_h)^2

]_{1/2} . (3.21)

12 ROLAND BECKER, PETER HANSBO, AND ROLF STENBER G

For the a posteriori estimate we as usual, need the H^2-regularit y but not Assumption 3.1.

Theorem 3.3. Let z be the solution to the problem

− Δ z = g in Ω ,

z = 0 on ∂Ω ,

(3.22)

and suppose that the shift theorem

‖z‖_H 2_{(Ω)} ≤ C ‖g‖_{L2(Ω)}

(3.23)

is valid. Then there is a positive constant C such that

‖u − u_h‖_{L2(Ω)} ≤ CL(u_h).

(3.24)

Proof. We again write z = (z_1,z_2) and note that

∂z_1 ∂n_1 + ∂z_2 ∂n_2

= 0 and { ∂z ∂n } = ∂z_1 ∂n_1 = − ∂z_2 ∂n_2 .

Choosing g = u − u_h in (3.22) we then get

‖u − u_h‖^2_{L2(Ω)} = 2∑ i=1 [ (∇ z_i,∇ (u_i − u_{i,h} ))_{Ω i} − ⟨

∂z_i ∂n_i

,u_i − u_{i,h} ⟩_{Γ i} ]

= 2∑ i=1 [ (∇ z_i,∇ (u_i − u_{i,h} ))_{Ω i} + ⟨

∂z_i ∂n_i

,u_{i,h} ⟩_{Γ i} ] (3.25)

= 2∑ i=1 (∇ z_i,∇ (u_i − u_{i,h} ))_{Ω i} + ⟨ { ∂z ∂n } ,[[u_h]]⟩_Γ .

We let π_hz ∈ V^h be the Clément interp olant to z satisfying ( ∑ K ∈ T_h ( h^{− 4}_K ‖z − π_hz‖^2_{L2(K )} + h^{− 3}_K ‖z − π_hz‖^2_{L2(∂K )} + h^{− 1}_K ‖ ‖ ‖ ∂(z − π_hz) ∂n_K ‖ ‖ ‖ 2

L_2(∂K )

)) 1/2

≤ C ‖z‖_H 2_{(Ω)} .

(3.26)

DOMAIN DECOMPOSITION WITH NON-MA TCHING GRIDS 13

From the consistency condition we have a_h(u − u_h,π_hz) = 0, and since [[z]] = 0, [[u]] = 0, on the interface, we get

0 = a_h(u − u_h,π_hz)

(3.27) = 2∑ i=1 [ (∇ (u_i − u_{i,h} ),∇ π_hz_i)_{Ω i} + γ ∑ E ∈ G^i_h

h^{− 1}_E ⟨[[u − u_h]],[[π_hz]]⟩_E ]

− ⟨ { ∂(u − u_h) ∂n } ,[[π_hz]] ⟩ Γ − ⟨ { ∂π_hz ∂n } ,[[u − u_h]] ⟩ Γ = 2∑ i=1 [ (∇ (u_i − u_{i,h} ),∇ π_hz_i)_{Ω i} + γ ∑ E ∈ G^i_h

h^{− 1}_E ⟨[[ u_h]],[[z − π_hz]]⟩_E ]

+ ⟨ { ∂(u − u_h) ∂n } ,[[z − π_hz]] ⟩ Γ + ⟨ { ∂π_hz ∂n } ,[[u_h]] ⟩ Γ .

Substracting (3.27) from (3.25) gives

‖u − u_h‖^2_{L2(Ω)} = 2∑ i=1 [ (∇ (z_i − π_hz,∇ (u_i − u_{i,h} ))_{Ω i} − γ ∑ E ∈ G^i_h

h^{− 1}_E ⟨[[ u_h]],[[z − π_hz]]⟩_E ]

− ⟨ { ∂(u − u_h) ∂n } ,[[z − π_hz]] ⟩ Γ + ⟨ { ∂(z − π_hz) ∂n } ,[[u_h]] ⟩ Γ (3.28)

:= R_1 + R_2 + R_3 + R_4.

Using Schwarz inequality and the Clément estimate (3.26) we get

R_2 + R_4 ≤ C ( ∑ K ∈ T_h ( h^{− 3}_K ‖z − π_hz‖^2_{L2(∂K )} + h^{− 1}_K ‖ ‖∂(z − π^hz) ∂n_K ‖ ‖^2

L_2(∂K )

)) 1/2( ∑

E ∈ G^i_h

h_E ‖[[u_h]]‖_{L2(E )}

)_{1/2}

≤ C ‖z‖_H 2_{(Ω)} L(u_h) ≤ C ‖u − u_h‖_{L2(Ω)} L(u_h).

14 ROLAND BECKER, PETER HANSBO, AND ROLF STENBER G

Integrating by parts yields

R_1 + R_3 = 2∑ i=1 [ (∇ (z_i − π_hz,∇ (u_i − u_{i,h} ))_{Ω i} − ⟨ { ∂(u − u_h) ∂n } ,[[z − π_hz]] ⟩ Γ = ∑ K ∈ T_h { (z − π_hz,Δ( u_h − u))_K + ⟨ ∂(u − u_h)

∂n_K

,z − π_hz ⟩ ∂K } − ⟨ { ∂(u − u_h) ∂n } ,[[z − π_hz]] ⟩ Γ = ∑ K ∈ T_h

(z − π_hz,Δ u_h + f )_K + ∑ E ∈ I_h ⟨ ∂(u − u_h)

∂n_E

,z − π_hz ⟩ E + 2∑ i=1 ⟨ ∂(u_i − u_{i,h} )

∂n_i

,z_i − π_hz_i ⟩ Γ − ⟨ { ∂(u − u_h) ∂n } ,[[z − π_hz]] ⟩ Γ .

The boundary terms in the second term above are grouped together two by two yielding jump terms in the normal derivative. This gives the estimate

∑ K ∈ T_h

(z − π_hz,Δ u_h + f )_K + ∑ E ∈ I_h ⟨ ∂(u − u_h)

∂n_E

,z − π_hz ⟩ E (3.29)

≤ C ( ∑ K ∈ T_h ( h^{− 4}_K ‖z − π_hz‖^2_{L2(K )} + h^{− 3}_K ‖z − π_hz‖^2_{L2(∂K )}

)) 1/2

× ( ∑ K ∈ T_h

h^4_K ‖f + Δ u_h‖^2_{L2(K )} + h^3_K ‖ ‖ ‖ [[ ∂u_h ∂n_K ]]‖ ‖^2

L_2(∂K )

)_{1/2}

≤ C ‖z‖_H 2_{(Ω)} L(u_h) ≤ C ‖u − u_h‖_{L2(Ω)} L(u_h).

DOMAIN DECOMPOSITION WITH NON-MA TCHING GRIDS 15

The remaining two terms are estimated as follows 2∑ i=1 ⟨ ∂(u_i − u_{i,h} )

∂n_i

,z_i − π_hz_i ⟩ Γ − ⟨ { ∂(u − u_h) ∂n } ,[[z − π_hz]] ⟩ Γ = 2∑ i=1 ⟨ ∂u_i ∂n_i

,z_i − π_hz_i ⟩ Γ − 2∑ i=1 ⟨ ∂u_{i,h} ∂n_i

,z_i − π_hz_i ⟩ Γ − ⟨ ∂u ∂n ,[[z − π_hz]] ⟩ Γ + ⟨ { ∂u_h ∂n } ,[[z − π_hz]] ⟩ Γ = − 2∑ i=1 ⟨ ∂u_{i,h} ∂n_i

,z_i − π_hz_i ⟩ Γ + ⟨ { ∂u_h ∂n } ,[[z − π_hz]] ⟩ Γ = − ⟨ ∂u_{1,h} ∂n_1

,z_1 − π_hz_1 ⟩ Γ − ⟨ ∂u_{2,h} ∂n_2

,z_2 − π_hz_2 ⟩ Γ + 1 2 ⟨ ∂u_{1,h} ∂n_1

,z_1 − π_hz_1⟩_Γ − 1 2 ⟨ ∂u_{1,h} ∂n_1

,z_2 − π_hz_2 ⟩ Γ − 1 2 ⟨ ∂u_{2,h} ∂n_2

,z_1 − π_hz_1 ⟩ Γ + 1 2 ⟨ ∂u_{2,h} ∂n_2

,z_2 − π_hz_2 ⟩ Γ = − 1 2 ⟨ ∂u_{1,h} ∂n_1

,z_1 − π_hz_1 ⟩ Γ − 1 2 ⟨ ∂u_{2,h} ∂n_2

,z_2 − π_hz_2 ⟩ Γ − 1 2 ⟨ ∂u_{1,h} ∂n_1

,z_2 − π_hz_2⟩_Γ − 1 2 ⟨ ∂u_{2,h} ∂n_2

,z_1 − π_hz_1 ⟩ Γ (3.30) = − 1 2 ⟨ ∂u_{1,h} ∂n_1 + ∂u_{2,h} ∂n_2

,z_1 − π_hz_1 ⟩ Γ − 1 2 ⟨ ∂u_{1,h} ∂n_1 + ∂u_{2,h} ∂n_2

,z_2 − π_hz_2 ⟩ Γ = − 1 2 ⟨ [[

∂u_h ∂n ]] ,z_1 − π_hz_1 ⟩ Γ − 1 2 ⟨ [[

∂u_h ∂n ]] ,z_2 − π_hz_2 ⟩ Γ ≤ CL(u_h) ( ∑ K ∈ T_h

h^{− 3}_K ‖z − π_hz‖^2_{L2(∂K )}

)_{1/2}

≤ CL(u_h) ‖z‖_H 2_{(Ω)} ≤ CL(u_h) ‖u − u_h‖_{L2(Ω)} . Combining (3.29) and (3.30) gives R_1 + R_3 ≤ CL(u_h) ‖u − u_h‖_{L2(Ω)} which together with (3.29) and (3.28) proves the claim.

4. Numerical examples 4.1. Numerical verification of the a priori estimates. To verify the a priori estimates, we choose the model problem of a unit square with exact solution u = x y(1 − x) (1 − y)

16 ROLAND BECKER, PETER HANSBO, AND ROLF STENBER G

corresponding to a right-hand side of f = 2(x − x^2 + y − y^2). The domain is divided by a vertical slit at x = 0.7. Two different triangulations were used: one matching and one non-matc hing, see Figure 1.

In Figure 2 (left-hand side) we give the convergence in the broken energy norm. The dashed line is the non-matc hing grid computation. Both meshes show the same convergence with slope 0.95. which is close to the theoretical value of 1. On the right-hand side we show the convergence of the L_2− norm of the jump term (dashed line for the non-matc hing grid). Here we obtain a better convergence (slope 2.15) for the matching grids than for the non-matc hing grids (slope 1.57, close to the theoretical value of 3/2).

4.2. Adaptiv e computations. We present results of adaptiv e computations on the Lshaped domain Ω = (0,1) × (0,1) \ (1/2,1) × (0,1/2).

The problem is boundary driven (f = 0), with boundary data corresponding to the exact solution u = r^{2/3} sin (2θ/3) in polar coordinates (with origin at (1/2,1/2)). We let Ω_1 = (0,1/2) × (0,1) and Ω_2 = (1/2,1) × (1/2,1), and use a non-matc hing triangulation. The purp ose of this example is not to obtain exact error control, but rather to show how the adaptiv e algorithm behaves with respect to the elements adjacent to the interface. We consider adaptiv e control of the L_2-norm error, but we have not made any attempt to measure the constant in the inequality (3.23); instead we have simply tuned the interp olation constants to approximately match the exact error.

In Figure 3 and 4 we show the first and last (adapted) meshes resulting from equilibrating the error distribution over the set of elements (for details, see [12, 7]). In Figure 5 we show the exact and estimated L_2− errors on the sequence of meshes, which show a reasonable agreement. For more exact error control, more computational effort must be invested.

4.3. Difference between matc hing and non-matc hing meshes. In the previous example, the adaptiv e algorithm produced a slightly finer mesh on the interface. One natural question is then whether the effect of non-matc hing actually does lead to larger errors. In Figure 6 and 7 we show two different meshes for solving the problem described in Section 4.1, and the corresponding nodal interp olants of the errors. The interface is sitauted at x = 1/2, and it is noted that the error on the interface is markedly larger than in the interior of the domains only in the case of non-matc hing meshes.

References

[1] J.-P. Aubin, Approximation of Elliptic Boundary-V alue Problem. Wiley (1972). [2] D. Arnold, An interior penalty finite element metho d with discontinuous elements. SIAM J. Num.

Anal. 19 (1982) 742–760. [3] C. Baiocchi, F. Brezzi, and L. D. Marini, Stabilization of Galerkin metho ds and applications to domain decomposition. A. Bensoussan and J.-P. Verjus Eds., Future Tendencies in Computer Science, Contr ol and Applied Mathematics, Springer (1992) 345–355.

[4] J. C. Barb osa and T. J. R. Hughes, Boundary Lagrange multipliers in finite element metho ds: error analysis in natural norms. Numer. Math. 62 (1992) 1–15.

[5] J. W. Barrett and C. M. Elliot, Finite element approximation of the Dirichlet problem using the boundary penalty metho d. Numer. Math. 49 (1986) 343–366.

DOMAIN DECOMPOSITION WITH NON-MA TCHING GRIDS 17

[6] R. Becker and P. Hansb o, Discontinuous Galerkin metho ds for convection-diffusion problems with arbitrary Péclet number. P. Neittaanm¨aki, T. Tiihonen, and P. Tarvainen Eds., Numerical Mathematics and Advanced Applications: Proceedings of the 3rd European Conference, World Scientific (2000) 100-109.

[7] R. Becker and R. Rannac her, A feed-back approac h to error control in finite element metho ds: basic analysis and examples. East-West J. Numer. Math. 4 (1996) 237–264.

[8] C. Bernadi, Y. Maday, and A. Patera, A new nonconforming approac h to domain decomposition:

the mortar element metho d, in: Nonlinear Partial Differ ential Equations and Their Application, H. Brezis and J. L. Lions (eds.), (Pitman, 1989).

[9] F. Brezzi, L.P. Franca, D. Marini, and A. Russo, Stabilization techniques for domain decomposition metho ds with non-matc hing grids, IAN-CNR Report N. 1037, Istituto di Analisi Numerica Pavia.

[10] J. Freund, R. Stenberg, On weakly imposed boundary conditions for second order problems. M.

Morandi Cecchi et al. Eds., Proceedings of the Ninth Int. Conf. Finite Elements in Fluids, (Venice 1995) 327-336 [11] J. Freund, Space-time finite element metho ds for second order problems: an algorithmic approac h.

Acta Polytech. Scand. Mathe. Comput. Manage. Engrg. Ser. 79 (1996). [12] C. Johnson and P. Hansb o, Adaptiv e finite element metho ds in computational mechanics. Comput.

Methods Appl. Mech. Engrg. 101 (1992) 143–181. [13] P. Le Tallec and T. Sassi, Domain decomposition with nonmatc hing grids: augmented Lagrangian approac h. Math. Comp. 64 (1995) 1367–1396.

[14] P. L. Lions, On the Schwarz alternating metho d III: a variant for nonoverlapping subdomains. T. F.

Chan, R. Glowinski, J. Periaux, and O. B. Widlund Eds., Third International Symposium on Domain Decomposition Methods for Partial Differ ential Equations, SIAM (1989) 202–223.

[15] J. Nitsche, Über ein Variationsprinzip zur Lösung von Dirichlet-Problemen bei Verwendung von Teilräumen, die keinen Randb edingungen unterworfen sind. Abh. Math. Univ. Hamburg 36 (1970) 9–15.

[16] R. Stenberg, On some techniques for approximating boundary conditions in the finite element metho d.

J. Comput. Appl. Math. 63 (1995) 139–148. [17] R. Stenberg, Mortaring by a metho d of J.A. Nitsche. S Idelsohn, E. Onate and E. Dvorkin Eds., Computational Mechanics: New Trends and Applications, CIMNE, Barcelona (1998).

[18] V. Thomée, Galerkin Finite Element Methods for Par abolic Problems, (Springer, 1997) [19] B. I. Wohlmuth, A residual based error estimator for mortar finite element discretizations. Numer.

Math. 84 (1999) 143–171.

18 ROLAND BECKER, PETER HANSBO, AND ROLF STENBER G

Figure 1. Matching and non-matc hing grids.

Figure 2. Convergence in energy and convergence of the jump term.

DOMAIN DECOMPOSITION WITH NON-MA TCHING GRIDS 19

Figure 3. First mesh and final adapted mesh.

Figure 4. Elevation of the solution.

20 ROLAND BECKER, PETER HANSBO, AND ROLF STENBER G

Figure 5. Estimated and exact errors in the L_2(Ω) − norm.

Figure 6. Matching meshes and nodal errors.

Figure 7. Non-matching meshes and nodal errors.

DOMAIN DECOMPOSITION WITH NON-MA TCHING GRIDS 21

Chalmers Finite Elemen t Cen ter Preprin ts

2000–01 Adaptive Finite Element Methods for the Unsteady Maxwell’s Equations Johan Hoffman 2000–02 A Multi-Adaptive ODE-Solver Anders Logg 2000–03 Multi-Adaptive Error Contr ol for ODEs Anders Logg 2000–04 Dynamic Computational Subgrid Modeling (Licentiate Thesis) Johan Hoffman 2000–05 Least-Squar es Finite Element Methods for Electromagnetic Applications (Licentiate Thesis) Rickard Bergstr¨om 2000–06 Discontinuous Galerkin Methods for Incompressible and Nearly Incompressible Elasticity by Nitsche’s Method Peter Hansb o and Mats G. Larson 2000–07 A Discountinuous Galerkin Method for the Plate Equation Peter Hansb o and Mats G. Larson 2000–08 Conservation Properties for the Continuous and Discontinuous Galerkin Meth- ods Mats G. Larson and A. Jonas Niklasson 2000–09 Discontinuous Galerkin and the Crouzeix-Raviart element: Application to elasticity Peter Hansb o and Mats G. Larson 2000–10 Pointwise A Posteriori Error Analysis for an Adaptive Penalty Finite Element Method for the Obstacle Problem Donald A. French, Stig Larson and Ricardo H. Nochetto 2000–11 Global and Localised A Posteriori Error Analysis in the Maximum Norm for Finite Element Approximations of a Convection-Diffusion Problem Mats Boman 2000–12 A Posteriori Error Analysis in the Maximum Norm for a Penalty Finite Element Method for the Time-Dep endent Obstacle Problem Mats Boman 2000–13 A Posteriori Error Analysis in the Maximum Norm for Finite Element Approximations of a Time-Dep endent Convection-Diffusion Problem Mats Boman 2001–01 A Simple Nonconforming Bilinear Element for the Elasticity Problem Peter Hansb o and Mats G. Larson 2001–02 The LL^∗ Finite Element Method and Multigrid for the Magnetostatic Problem Rickard Bergstr¨om, Mats G. Larson, and Klas Samuelsson 2001–03 The Fokker-Planck Operator as an Asymptotic Limit in Anisotr opic Media Mohammad Asadzadeh 2001–04 A Posteriori Error Estimation of Functionals in Elliptic Problems: Experiments Mats G. Larson and A. Jonas Niklasson

2001–05 A Note on Energy Conservation for Hamiltonian Systems Using Continuous Time Finite Elements Peter Hansb o 2001–06 Stationary Level Set Method for Modelling Sharp Interfac es in Groundwater Flow Nahidh Sharif and Nils-Erik Wiberg 2001–07 Integration methods for the calculation of the magnetostatic field due to coils Marzia Fontana 2001–08 Adaptive finite element computation of 3D magnetostatic problems in potential formulation Marzia Fontana 2001–09 Multi-Adaptive Galerkin Methods for ODEs I: Theory & Algorithms Anders Logg 2001–10 Multi-Adaptive Galerkin Methods for ODEs II: Applications Anders Logg 2001–11 Energy norm a posteriori error estimation for discontinuous Galerkin methods Roland Becker, Peter Hansb o, and Mats G. Larson 2001–12 Analysis of a family of discontinuous Galerkin methods for elliptic problems: the one dimensional case Mats G. Larson and A. Jonas Niklasson 2001–13 Analysis of a nonsymmetric discontinuous Galerkin method for elliptic problems: stability and energy error estimates Mats G. Larson and A. Jonas Niklasson 2001–14 A hybrid method for the wave equation Larisa Beilina, Klas Samuelsson, Krister Åhlander 2001–15 A Finite Element Method for Domain Decomposition with Non-Matching Grids Roland Becker, Peter Hansb o and Rolf Stenberg

These preprints can be obtained from

www.phi.chalmers.se/preprints