FINITE ELEMENT CENTER

PREPRINT 2003-24

Multiscale convergence and reiterated homogenization of parabolic problems

Anders Holmbom, Nils Svanstedt and Niklas Wellander

Chalmers Finite Element Center CHALMERS UNIVERSITY OF TECHNOLOGY Göteborg Sweden 2004

CHALMERS FINITE ELEMENT CENTER

Preprint 2003-24

Multiscale convergence and reiterated homogenization of parabolic problems

Anders Holmbom, Nils Svanstedt and Niklas Wellander

Chalmers Finite Element Center Chalmers University of Technology SE–412 96 Göteborg Sweden Göteborg, February 2004

Multiscale convergence and reiterated homogenization of parabolic problems Anders Holmbom, Nils Svanstedt and Niklas Wellander NO 2003-24 ISSN 1404–4382

Chalmers Finite Element Center Chalmers University of Technology SE–412 96 Göteborg Sweden Telephone: +46 (0)31 772 1000 Fax: +46 (0)31 772 3595

www.phi.chalmers.se

Printed in Sweden Chalmers University of Technology Göteborg, Sweden 2004

MULTISCALE CONVERGENCE AND REITERATED HOMOGENIZATION OF PARABOLIC PROBLEMS

ANDERS HOLMBOM, NILS SVANSTEDT, AND NIKLAS WELLANDER

Abstract. Reiterated homogenization is studied for divergence structure parabolic problems of the form^{∂uε}_{∂t} − div ( a ( x,^x_ε ,^x_{ε2} , t,^t_{εk} ) ∇u_ε ) = f. It is shown that under standard assumptions on the function a (x, y_1, y_2, t, τ) the sequence {u_ε} of solutions converges weakly in L^2(0, T ; H^1_0 (Ω)) to the solution u of the homogenized problem ∂u ∂t − div (b(x, t)∇u) = f. 1. Introduction

In this paper we consider the homogenization problem for the following initial-boundary value problem:

(1) ∂u_ε ∂t − div ( a ( x, x ε , x ε^2 , t, t ε^k ) ∇u_ε ) = f in Ω × (0, T ),

u_ε(x, 0) = u_0(x), u_ε(x, t) = 0 in ∂Ω × (0, T ),

where Ω is an open bounded set in R^n , T and k are positive real numbers. Let us define Ω_T = Ω × (0, T ) and Y_τ = Y_1 × Y_2 × (0, 1), where Y_1 = Y_2 = (0, 1)^n. We assume that the function a = a(x, y_1, y_2, t, τ) belongs to C(Ω_T ; L^∞_{per}(Y_τ )) and satisfies the coercivity assumption α|ξ|^2 ≤ aξ · ξ, ∀ξ ∈ R^n , a.e. in Ω_T × Y_τ . With these structure conditions it is well-known that given f ∈ L^2(0, T ; H^{−1}(Ω)) and u_0 ∈ L^2(Ω) there exists a unique solution u_ε ∈ L^2(0, T ; H^1_0 (Ω)) to (1) with time derivative ∂u_ε ∂t ∈ L^2(0, T ; H^{−1}(Ω)) for every fixed ε > 0.

The homogenization problem for (1) consists in studying the asymptotic behavior of the solutions u_ε as ε tends to zero.

Homogenization problems with more than one oscillating scale is referred to as reiterated homogenization and was first introduced in [2] for linear elliptic problems. More recently the linear elliptic problem was studied in [1] and the nonlinear monotone case was treated in [6]. In the present report we prove a reiterated homogenization theorem

Date: February 16, 2004.

Key words and phrases. reiterated, multiscale, homogenization, parabolic.

Anders Holmbom, Department of Mathematics, Mid-Sweden University, SE-831 25 Östersund, Sweden, email: anders.holmbom@mh.se Nils Svanstedt, Department of Computational Mathematics, Chalmers University, SE-412 96 Göteborg, Sweden, email: nilss@math.chalmers.se Niklas Wellander, Swedish Defence Research Agency, FOI, P.O. Box 1165, SE-581 11 Linköping, Sweden. email: niklas@foi.se. 1

2 ANDERS HOLMBOM, NILS SVANSTEDT, AND NIKLAS WELLANDER

(Theorem 6) for the parabolic problem (1). In particular the proof of Theorem 6 will show how easy and powerful the two-scale and multi-scale convergence theory can be.

Throughout the paper we consider a sequence {ε_i} of small positive numbers tending to zero which is denoted {ε}. Any subsequence {ε^′} of the sequence {ε} will also be denoted {ε}. The result of Theorem 6 is that the sequence of solutions {u_ε} to (1) converges weakly in L^2(0, T ; H^1_0 (Ω)) to the solution u in L^2(0, T ; H^1_0 (Ω)) to a homogenized problem of the form (2) ∂u ∂t − div (b(x, t)∇u) = f in Ω × (0, T ), u(x, 0) = u_0(x), u(x, t) = 0 in ∂Ω × (0, T ), where b depends on x and t but is no longer oscillating with ε. Indeed b will also depend on k, but this will be clearly spelled out in the main result (Theorem 6). As a warm up, in order to get a feeling for the interaction between the scales, we expand the solution u_ε to (1) in a multiple scales power series. Let us for the moment assume that (3) u_ε(x, t) = u(x, x ε , x ε^2 , t, t ε^k ) + εu_1(x, x ε , x ε^2 , t, t ε^k ) + ε^2u_2(x, x ε , x ε^2 , t, t ε^k ) + . . . , where all the u_is are assumed to be ε-periodic in y_1 = x/ε, ε^2-peridic in y_2 = x/ε^2 and ε^k-periodic in τ = t/ε^k, respectively. The chain rule transforms the differential operators as ∂ ∂t → ∂ ∂t + 1 ε^k ∂ ∂τ , ∂ ∂x → ∂ ∂x + 1 ε ∂ ∂y_1 + 1 ε^2 ∂ ∂y_2 . The divergence and gradient operators transform accordingly and we denote differentiation with respect to x, y_1 and y_2 by subscripts x, y_1 and y_2, respectively. In a standard way one can now insert the series (3) into the equation (1) and identify a hierarchy of equations of siginificant orders of ε. This is performed in the Appendix in the end of the paper. In Section 1 we give some preliminaries and present some well-known and new results needed in the proof of the main result of the paper (Theorem 6) which is presented in Section 2 together with a compactness result (Theorem 5) for parabolic problems with multiple spatial scales. Section 3 is devoted to the proof of Theorem 6. It is lengthy but straightforward thanks to the preparatory Theorem 3 and Theorem 4 and the compactness Theorem 5.

2. Preliminaries We will now recall the concept of multiscale convergence, see Allaire and Briane [1]. We will restrict ourselves to three spatial scales and two time scales as in the initial-boundary value problem (1) studied in this report.

Definition 1. A sequence {u_ε} in L^2(Ω) is said to multi-scale converge (with three spatial scales) to u = u(x, y_1, y_2) in L^2(Ω × Y_1 × Y_2) if

lim_{ε→0} ∫ Ω u_ε(x)φ(x, x ε , x ε^2 ) dx = ∫ Ω ∫ Y_1 ∫ Y_2

u(x, y_1, y_2)φ(x, y_1, y_2) dxdy_1dy_2,

MULTISCALE CONVERGENCE OF PARABOLIC PROBLEMS 3

for all functions φ ∈ L^2(Ω; C_{per}(Y_1 × Y_2)).

Allaire and Briane proved the following compactness results:

Theorem 1. Let {u_ε} be bounded sequence in L^2(Ω). Then there exists a subsequence, still denoted {u_ε}, and a function u = u(x, y_1, y_2) in L^2(Ω × Y_1 × Y_2) such that u_ε multi-scale converges to u.

Theorem 2. Let {u_ε} be a bounded sequence in H^1(Ω). Then there exist subsequences u_ε → u strongly in L^2(Ω), and ∇u_ε → ∇_xu(x) + ∇_{y1} u_1(x, y_1) + ∇_{y2} u_2(x, y_1, y_2), in the multi-scale sense, where u ∈ H^1(Ω), u_1 ∈ L^2(Ω; H^1_{per}(Y_1)) and u_2 ∈ L^2(Ω × Y_1; H^1_{per}(Y_2))

We can also consider bounded functions in L^2 depending on the time variable t. Definition 2. A sequence {u_ε} in L^2(Ω × (0, T )) is said to multi-scale converge in spacetime with three spatial and two temporal scales if, for a constant k > 0,

lim_{ε→0} ∫ Ω ∫_T 0 u_ε(x, t)φ(x, x ε , x ε^2 , t, t ε^k ) dxdt = ∫ Ω ∫_T 0 ∫ Y_1 ∫ Y_2

∫_1 0 u(x, y_1, y_2, t, τ)φ(x, y_1, y_2, t, τ) dxdy_1dy_2dtdτ. where u ∈ L^2(Ω × (0, T ) × Y_1 × Y_2 × (0, 1)) for all φ ∈ L^2(Ω × (0, T ); C_{per}(Y_1 × Y_2 × (0, 1))).

We also have:

Proposition 1. (Space) Let {u_ε} be a bounded sequence in L^2(0, T ; H^1(Ω)) such that its distributional temporal derivative {u^′_ε} is a bounded sequence in L^2(0, T ; (H^1(Ω))^′). Then its well-known that {u_ε} is compact in L^2((0, T ) × Ω) and there exist subsequences u_ε → u strongly in L^2((0, T ) × Ω), and ∇u_ε → ∇_xu(x, t) + ∇_{y1} u_1(x, t, y_1) + ∇_{y2} u_2(x, t, y_1, y_2), in the multi-scale sense, where u ∈ L^2(0, T ; H^1(Ω)), u_1 ∈ L^2((0, T ) × Ω; H^1_{per}(Y_1)) and u_2 ∈ L^2((0, T ) × Ω × Y_1; H^1_{per}(Y_2)).

Corollary 1. (Space-time) Let {u_ε} be a bounded sequence in L^2(0, T ; H^1(Ω)) such that its distributional derivative {u^′_ε} is a uniformly bounded sequence in L^2(0, T ; (H^1(Ω))^′). Then there exist subsequences u_ε → u strongly in L^2((0, T ) × Ω), and ∇u_ε → ∇_xu(x, t) + ∇_{y1} u_1(x, t, y_1, τ) + ∇_{y2} u_2(x, t, y_1, y_2, τ), in the multi-scale sense in space-time, where u ∈ L^2((0, T ); H^1(Ω)), u_1 ∈ L^2((0, T ) × Ω × (0, 1); H^1_{per}(Y_1)) and u_2 ∈ L^2((0, T ) × Ω × Y_1 × (0, 1); H^1_{per}(Y_2)).

In this work we will not use the following observation.

4 ANDERS HOLMBOM, NILS SVANSTEDT, AND NIKLAS WELLANDER

Remark 1. If {u_ε} is bounded in H^1(0, T ; H^1(Ω)), then the time derivative splits. By using test functions oscillating in time with frequency ε, i.e. φ(x, t,^t_ε ) the split yields the existence of a local function u_1 such that ∂u_ε ∂t → ∂u ∂t + ∂u_1 ∂τ , in the multi-scale sense (in time), where u ∈ H^1((0, T )×Ω) and where u_1 ∈ L^2((0, T ); H^1_{per}(0, 1)× H^1(Ω)). If we instead use test functions oscillating in time with frequency ε^2, i.e. φ(x, t,^t_{ε2} ), then the split yields another local function u_2, i.e., ∂u_ε ∂t → ∂u ∂t + ∂u_2 ∂τ in the multi-scale sense, where u ∈ H^1((0, T ) × Ω) and where u_2 ∈ L^2((0, T ); H^1_{per}(0, 1) × H^1(Ω)).

Remark 2. The split of the time derivative is discussed in [7] and is proved analogously to the gradient split. In the main Theorem 6 we do not have H^1-a priori bounds on the time derivative so therefore there occur no split in the time derivative. But as seen in the Appendix, a formal expansion yields time split derivatives in the k = 1 and k = 2 cases, respectively. However, that is only formally and is never used since the local derivatives vanish when the equations are averaged over fast time.

We continue by stating and proving two theorems that will be crucial in the proof of the main Theorem 6. A similar result is earlier proved in Holmbom [5]. Theorem 3. Let {u_ε} be a bounded sequence in H^1(Ω) and let u and u_1 be defined as in Theorem 2. Then,

lim_{ε→0} ∫ Ω ( u_ε(x) − u(x) ε ) φ ( x, x ε ) dx = ∫ Ω ∫ Y_1

u_1(x, y_1)φ(x, y_1) dy_1dx,

for all φ(x, y_1) = φ_1(x)φ_2(y_1) where φ_1 ∈ C^∞_0 (Ω) and φ_2 ∈ C^∞_{per}(Y_1) with mean value zero over Y_1.

Proof: From Theorem 2, by choosing test functions ψ(x, y) = ψ_1(x)ψ_2(y) in C^∞_0 (Ω; C^∞_{per}(Y_1; R^n )), ψ_1 ∈ C^∞_0 (Ω), ψ_2 ∈ C^∞_{per}(Y_1; R^n ), we have

lim_{ε→0} ∫ Ω (∇u_ε(x) − ∇u(x)) · ψ_1(x)ψ_2( x ε )dx = ∫ Ω ∫ Y_1

∇u_1(x, y_1) · ψ_1(x)ψ_2(y_1)dy_1dx.

The divergence theorem applied on both sides gives

lim_{ε→0} ∫ Ω (u_ε(x) − u(x)) ( ψ_2( x ε )div_xψ_1(x) + ψ_1(x)ε^{−1}div_{y1} ψ_2( x ε ) ) dx = ∫ Ω ∫ Y_1

u_1(x, y_1)ψ_1(x)div_{y1} ψ_2(y_1)dy_1dx.

By the mean value zero condition over Y_1 for φ_2 we can apply the well-known Fredholm alternative and conclude that there exists a unique Y_1-periodic solution η ∈ C^∞_{per}(Y_1) to { div_{y1} (∇_{y1} η) = φ_2, in Y_1 η ∈ C^∞_{per}(Y_1; R^n )).

MULTISCALE CONVERGENCE OF PARABOLIC PROBLEMS 5

Now we simply let φ_1 = ψ_1 and ψ_2 = ∇_{y1} η to obtain φ_2 = div_{y1} ψ_2. The strong convergence of {u_ε} in L^2(Ω) to u in Theorem 2 gives the result. □

As a consequence of Theorem 2 we can extend the result of Theorem 3 to the case of 3 scales and state the following:

Theorem 4. Assume that u_1(x, y) is of Caratheodory type and let {u_ε} be a bounded sequence in H^1(Ω). Further let u, u_1, u_2 be defined by the limit in Theorem 2 . Then

lim_{ε→0} ∫ Ω u_ε(x) − u(x) − εu_1 ( x,^x_ε ) ε^2 φ ( x, x ε , x ε^2 ) dx = ∫ Ω ∫ Y_1 ∫ Y_2

u_2(x, y_1, y_2)φ(x, y_1, y_2) dxdy_1dy_2.

in L^2(Ω × Y_1; H^1_{per}(Y_2)) for φ(x, y_1, y_2) = φ_1(x)φ_2(y_1)φ_3(y_2) where φ_1 ∈ C^∞_0 (Ω) and φ_2, φ_3 ∈ C^∞_{per}(Y ) with mean value zero over Y .

Remark 3. An example of a function which has the regularity conditions which allows a scaling of the function u_1 = u_1(x, y_1) is given in Cioranescu and Donato [3], Chapter 9. Suppose

u_1(x, y_1) = n∑ j=1 ω_j (y_1) ∂u_0 ∂x_j (x) where ∇_{y1} ω_i ∈ L^r(Y_1; R^n ), i = 1, . . . , n and ∇_xu ∈ L^s(Ω; R^n ), with 1 ≤ r, s < ∞ and 1/r + 1/s = 1/2. Then, for test functions φ ∈ C^∞_0 (Ω; C^∞_{per}(Y_1; R^n )), ∫ Ω ∇_{y1} u_1(x, x ε ) · φ(x, x ε )dx → ∫ Ω ∫ Y_1 ∇_{y1} u_1(x, y_1) · φ(x, y)dy_1dx. Remark 4. The result remains valid also for the case r = s = 2, but then the two-scale convergence takes place in L^1.

Proof: Let us choose test functions ψ ∈ C^∞_0 (Ω; C^∞_{per}(Y_1 × Y_2 : R^n )) The result of Theorem 2 says that

lim_{ε→0} ∫ Ω ( ∇_xu_ε(x) − ∇_xu(x) − ∇_{y1} u_1 ( x, x ε )) · ψ ( x, x ε , x ε^2 ) dx = ∫ Ω ∫ Y_1 ∫ Y_2

∇_{y2} u_2(x, y_1, y_2) · ψ(x, y_1, y_2) dxdy_1dy_2.

An integration by parts on both sides gives

lim_{ε→0} ∫ Ω ( u_ε(x) − u(x) − εu_1 ( x, x ε )) (( div_x + ε^{−1}div_{y1} + ε^{−2}div_{y2} ) ψ ( x, x ε , x ε^2 )) dx = ∫ Ω ∫ Y_1 ∫ Y_2

u_2(x, y_1, y_2)div_{y2} ψ(x, y_1, y_2) dxdy_1dy_2.

By Theorem 3

lim_{ε→0} ∫ Ω ( u_ε(x) − u(x) − εu_1 ( x, x ε )) (( div_x + ε^{−1}div_{y1} ) ψ ( x, x ε , x ε^2 )) dx = 0.

6 ANDERS HOLMBOM, NILS SVANSTEDT, AND NIKLAS WELLANDER

Therefore lim_{ε→0} ∫ Ω u_ε(x) − u(x) − εu_1 ( x,^x_ε ) ε^2 div_{y2} ψ ( x, x ε , x ε^2 ) dx = ∫ Ω ∫ Y_1 ∫ Y_2

u_2(x, y_1, y_2)div_{y2} ψ(x, y_1, y_2) dxdy_1dy_2.

Referring to Lemma 2.4 in [8] we can argue as in Theorem 3 and obtain any φ as φ = div_{y2} ψ. □ Remark 5. If ∇_yu_1 ∈ L^r(Y ; R^n ) and ∇_xu ∈ L^s(Ω; R^n ), where 1 ≤ r, s < ∞, 1/r + 1/s = 1/2, then the convergence in Theorem 4 takes place in L^2. However, since the limit u_2 is an element in L^2(Ω × Y_1; H^1_{per}(Y_2)), this is just a technical argument.

3. The main results Let us rewrite (1) in the variational formulation:

Find u_ε ∈ L^2(0, T ; H^1_0 (Ω)) such that − ∫ Ω_T u_ε(x, t) ∂φ(x, t) ∂t dxdt + ∫ Ω_T a ( x, x ε , x ε^2 , t, t ε^k ) ∇u_ε(x, t) · ∇φ(x, t) dxdt

(4) = ∫ Ω_T

f(x, t)φ(x, t) dxdt for all φ ∈ L^2(0, T ; H^1_0 (Ω))

u_ε(x, 0) = u_0(x).

We first observe that by the structure conditions on a(x, y_1, y_2, t, τ) one immediately obtains the following a priori estimates (see e.g. [3] Ch. 11):

‖u_ε‖_L2_{(0,T ;H}1_{0 (Ω))} ≤ C ‖ ∂u_ε ∂t ‖_L2_{(0,T ;H}−1_{(Ω))} ≤ C

We begin with the following compactness result:

Theorem 5. Let {u_ε} be a sequence of solutions to the variational problem (4) above. By sending ε → 0 the sequence {u_ε} multi-scale converges to the unique solution u to the following problem − ∫ Ω_T u(x, t) ∂φ(x, t) ∂t dxdt

(5) + ∫ Ω_T [∫ Y_τ a(x, y_1, y_2, t, τ)[∇_xu + ∇_{y1} u_1 + ∇_{y2} u_2]dy_1dy_2 dτ ] · ∇φ(x, t) dxdt = ∫ Ω_T

f(x, t)φ(x, t) dxdt for all φ ∈ L^2(0, T ; H^1_0 (Ω)),

with initial condition u_ε(x, 0) = u_0(x), where (6) u = u(x, t), u_1 = u_1(x, y_1, t, τ), and u_2 = u_2(x, y_1, y_2, t, τ).

MULTISCALE CONVERGENCE OF PARABOLIC PROBLEMS 7

Proof: By the structure conditions on the function a, the product function a ( x, x ε , x ε^2 , t, t ε^k ) φ(x, t) is an admissible test function and therefore by using Corollary 1 and by exploiting the strong L^2((0, T ) × Ω)- convergence of u_ε, which is an immediate consequence of the a priori estimates above, the result follows. □ Remark 6. It now remains to find the equations that u_1 and u_2 satisfy. The dynamics will be captured by considering test functions which capture the oscillations in time. Due to the spatial and temporal oscillations in the coefficient we seek for u_ε of the form (3). But, due to Theorem 5 we know that the candidates are of the form (6). This can also be verified, at least formally, by equating the different orders in ε of (1) while inserting (3). In the Appendix we perform a multiple scales expansion in order to derive the correct equations for u_1 and u_2 respectively.

Our aim is now to derive rigorously the local equation. We will use Theorem 3, Theorem 4 and Theorem 5 together with test functions which are in resonance with the oscillating coefficients a_ε = a(x,^x_ε ,^x_{ε2} , t,^t_{εk} ). Before stating and proving the reiterated homogenization theorem we introduce some notations and abreviations: We simply write a to denote a(x, y_1, y_2, t, τ) and u, u_1 and u_2 to denote u(x, t), u_1(x, y_1, t, τ) and u_2(x, y_1, y_2, t, τ), respectively. We also write dy_τ dx_T to denote dy_1dy_2dxdτdt. Moreover, we denote by φ_ε smooth oscillating test functions of the types φ(x,^x_ε ,^x_{ε2} , t,^t_{εk} ), φ(x,^x_ε ,^x_{ε2} , t), φ(x,^x_ε , t,^t_{εk} ) or φ(x,^x_ε , t).

Theorem 6. (Reiterated homogenization) Consider the sequence of initial-boundary value problems (1), ∂u_ε ∂t − div ( a ( x, x ε , x ε^2 , t, t ε^k ) ∇u_ε ) = f in Ω × (0, T ), u_ε(x, 0) = u_0(x), u_ε(x, t) = 0 in ∂Ω × (0, T ), It follows that as ε → 0: u_ε → u, in L^2(0, T ; H^1_0 (Ω)) weakly, a ( x, x ε , x ε^2 , t, t ε^k ) ∇u_ε → b(x, t)∇u, in L^2(Ω)^n weakly, where b is the homogenized coefficient and where u solves the homogenized problem (2): ∂u ∂t − div (b(x, t)∇u) = f in Ω × (0, T ), u(x, 0) = u_0(x), u(x, t) = 0 in ∂Ω × (0, T ), or in variational form (5): − ∫ Ω_T u(x, t) ∂φ(x, t) ∂t dxdt

8 ANDERS HOLMBOM, NILS SVANSTEDT, AND NIKLAS WELLANDER + ∫ Ω_T [∫ Y_τ a(x, y_1, y_2, t, τ)[∇_xu + ∇_{y1} u_1 + ∇_{y2} u_2]dy_1dy_2 dτ ] · ∇φ(x, t) dxdt = ∫ Ω_T f(x, t)φ(x, t) dxdt The unknown functions u, u_1 and u_2 together satisfy a characteristic system of local equations of different order of ε. Depending on the value of the oscillation power k in the fast time variable, there are 7 different cases of systems of local equations namely: 0 < k < 2 ∫ Ω_T ∫ Y_τ a[∇_xu + ∇_{y1} u_1 + ∇_{y2} u_2] · ∇_{y2} φ(x, y_1, y_2, t, τ) dy_τ dx_T = 0. ∫ Ω_T ∫ Y_τ a[∇_xu + ∇_{y1} u_1 + ∇_{y2} u_2] · ∇_{y1} φ(x, y_1, t, τ) dy_τ dx_T = 0.

k=2 ∫ Ω_T ∫ Y_τ a[∇_xu + ∇_{y1} u_1 + ∇_{y2} u_2] · ∇_{y2} φ(x, y_1, y_2, t, τ) dy_τ dx_T = 0.

− ∫ Ω_T ∫ Y_τ u_1(x, y_1, t, τ) ∂φ ∂τ (x, y_1, t, τ) dy_τ dx_T + ∫ Ω_T ∫ Y_τ a[∇_xu + ∇_{y1} u_1 + ∇_{y2} u_2] · ∇_{y1} φ(x, y_1, t, τ) dy_τ dx_T = 0. 2 < k < 3 ∫ Ω_T ∫ Y_τ a[∇_xu + ∇_{y1} u_1 + ∇_{y2} u_2] · ∇_{y2} φ(x, y_1, t, τ) dy_τ dx_T = 0.

− ∫ Ω_T ∫ Y_τ u_1 ∂φ ∂τ (x, y_1, t, τ) dy_τ dx_T = 0. ∫ Ω_T ∫ Y_τ a[∇_xu + ∇_{y1} u_1 + ∇_{y2} u_2] · ∇_{y1} φ(x, y_1, t, τ) dy_τ dx_T = 0.

k = 3 − ∫ Ω_T ∫ Y_τ u_1 ∂φ ∂τ (x, y_1, y_2, t, τ) dy_τ dx_T + ∫ Ω_T ∫ Y_τ a[∇_xu + ∇_{y1} u_1 + ∇_{y2} u_2] · ∇_{y2} φ(x, y_1, y_2, t, τ) dy_τ dx_T = 0

− ∫ Ω_T ∫ Y_τ u_2 ∂φ ∂τ (x, y_1, t, τ) dy_τ dx_T + ∫ Ω_T ∫ Y_τ a[∇_xu + ∇_{y1} u_1 + ∇_{y2} u_2] · ∇_{y1} φ(x, y_1, t, τ) dy_τ dx_T = 0.

MULTISCALE CONVERGENCE OF PARABOLIC PROBLEMS 9 3 < k < 4 − ∫ Ω_T ∫ Y_τ u_1 ∂φ ∂τ (x, y_1, y_2, t, τ) dy_τ dx_T = 0. ∫ Ω_T ∫ Y_τ a[∇_xu + ∇_{y1} u_1 + ∇_{y2} u_2] · ∇_{y2} φ(x, y_1, y_2, t, τ) dy_τ dx_T = 0.

− ∫ Ω_T ∫ Y_τ u_2 ∂φ ∂τ (x, y_1, y_2, t, τ) dy_τ dx_T = 0. ∫ Ω_T [∫ Y_τ a[∇_xu + ∇_{y1} u_1 + ∇_{y2} u_2]dy_2dτ ] · ∇_{y1} φ(x, y_1, t) dy_1dxdt = 0. k = 4 − ∫ Ω_T ∫ Y_τ u_1 ∂φ ∂τ (x, y_1, y_2, t, τ) dy_τ dx_T = 0.

− ∫ Ω_T ∫ Y_τ u_2 ∂φ ∂τ (x, y_1, y_2, t, τ) dy_τ dx_T + ∫ Ω_T ∫ Y_τ a[∇_xu + ∇_{y1} u_1 + ∇_{y2} u_2] · ∇_{y2} φ(x, y_1, y_2, t, τ) dy_τ dx_T = 0. ∫ Ω_T [∫ Y_τ a[∇_xu + ∇_{y1} u_1 + ∇_{y2} u_2]dy_2dτ ] · ∇_{y1} φ(x, y_1, t) dy_1dxdt = 0. k > 4 − ∫ Ω_T ∫ Y_τ u_1 ∂φ ∂τ (x, y_1, y_2, t, τ) dy_τ dx_T = 0.

− ∫ Ω_T ∫ Y_τ u_2 ∂φ ∂τ (x, y_1, y_2, t, τ) dy_τ dx_T = 0. ∫ Ω_T ∫ Y_τ a[∇_xu + ∇_{y1} u_1 + ∇_{y2} u_2] · ∇_{y2} φ(x, y_1, y_2, t, τ) dy_τ dx_T = 0. ∫ Ω_T [∫ Y_τ a[∇_xu + ∇_{y1} u_1 + ∇_{y2} u_2]dy_2dτ ] · ∇_{y1} φ(x, y_1, t) dy_1dxdt = 0. Remark 7. The homogenized map b is derived in the usual way by a separation of variables. Lets consider the variational form of the ε^{−2}-equation for the case 0 < k < 2: ∫ Ω_T ∫ Y_τ a[∇_xu + ∇_{y1} u_1 + ∇_{y2} u_2] · ∇_{y2} φ(x, y_1, y_2, t, τ) dy_τ dx_T = 0

10 ANDERS HOLMBOM, NILS SVANSTEDT, AND NIKLAS WELLANDER

By linearity we can decouple variables:

u_2(x, t, y_1, y_2, τ) = − (∇_xu(x, t) + ∇_{y1} u_1(x, t, y_1, τ)) · w_2(y_2, τ).

We can now write the decoupled local ε^{−2}-equation as the parameter dependent (parameter τ) problem:

Find w^k_2 (·, τ) ∈ H^1_{per}(Y_2) such that for almost every τ ∈ (0, 1) ∫ Y_2 a_{ij}(x, t, y_1, y_2, τ) ( δ_{jk} − ∂w^k_2 (y_2, τ) ∂_{y2j} ) ∂φ(y_2) ∂_{y2i} dy_2 = 0,

for all φ ∈ C^∞_{per}(Y_2), and we define b^1_{ik}(x, t, y_1, τ) = ∫ Y_2 a_{ij} (x, t, y_1, y_2, τ) ( δ_{jk} − ∂w^k_2 (y_2, τ) ∂_{y2j} ) dy_2. The local decoupled ε^{−1}-equation can then be written (using the same traditional arguments as above):

Find v^k_1 (·, τ) ∈ H^1_{per}(Y_1), such that for almost every τ ∈ (0, 1) ∫ Y_1 b^1_{ij} (x, t, y_1, y_2, τ) ( δ_{jk} − ∂v^k_1 (y_1, τ) ∂_{y1j} ) ∂φ(y_1) ∂_{y1i} dy_1 = 0,

for all φ ∈ C^∞_{per}(Y_1). Finally we define b_{ik}(x, t) = ∫ Y_1

∫_1 0 b^1_{ij} (x, t, y_1, τ) ( δ_{jk} − ∂v^k_1 (y_1, τ) ∂_{y1j} ) dy_1dτ. This procedure is standard and analogous for the different cases. The existence and uniqueness of local solutions is carried out in [4] in the linear periodic case.

4. Proof of Theorem 6 Let us choose test functions φ_ε = φ(x,^x_ε ,^x_{ε2} , t,^t_{εk} ). By the chain rule the variational formulation of (1) reads: Find u_ε ∈ L^2(0, T ; H^1_0 (Ω)) such that − ∫ Ω_T u_ε ( ∂φ_ε ∂t + ε^{−k}∂φ_ε ∂τ ) dxdt + ∫ Ω_T

a_ε∇u_ε · (∇_x + ε^{−1}∇_{y1} + ε^{−2}∇_{y2} )φ_ε dxdt

(7) = ∫ Ω_T

fφ_ε dxdt ∀φ_ε ∈ L^2(0, T : H^1_0 (Ω))

u_ε(x, 0) = u_0(x).

Let us now case by case show that the local equations for u, u_1 and u_2 will appear as multiscale limits of (7) with appropriate choices of test functions φ_ε. As the formal analysis in the Appendix shows, there are seven different significant cases for k to be considered: 0 < k < 2, k = 2, 2 < k < 3, k = 3, 3 < k < 4, k = 4 and k > 4, respectively.

MULTISCALE CONVERGENCE OF PARABOLIC PROBLEMS 11 0 < k < 2 Step 1: Let us consider (7). We choose test functions φ_ε = φ(x,^x_ε ,^x_{ε2} , t,^t_{εk} ). A multiplication by ε^2 on both sides of the equation and a limit passage yields the ∼ −2 equation: ∫ Ω_T ∫ Y_τ a[∇_xu + ∇_{y1} u_1 + ∇_{y2} u_2] · ∇_{y2} φ(x, y_1, y_2, t, τ) dy_τ dx_T , = 0.

Step 2: Choose test functions φ_ε = φ(x,^x_ε , t,^t_{εk} ). and study the equation − ∫ Ω_T u_ε ( ∂φ_ε ∂t + ε^{−k} ∂φ_ε ∂τ ) dxdt+ ∫ Ω_T

a_ε∇u_ε · (∇_x + ε^{−1}∇_{y1} )φ_ε dxdt = ∫ Ω_T fφ_ε dxdt A multiplication by ε on both sides of the equation and a limit passage yields the ∼ −1 equation: ∫ Ω_T ∫ Y_τ a[∇_xu + ∇_{y1} u_1 + ∇_{y2} u_2] · ∇_{y1} φ(x, y_1, t, τ) dy_τ dx_T = 0. k=2 Step 1: We choose test functions φ_ε = φ(x,^x_ε ,^x_{ε2} , t,^t_{ε2} ) and study the equation − ∫ Ω_T u_ε ( ∂φ_ε ∂t + ε^{−2} ∂φ_ε ∂τ ) dxdt+

(8) ∫ Ω_T

a_ε∇u_ε · (∇_x + ε^{−1}∇_{y1} + ε^{−2}∇_{y2} )φ_ε dxdt = ∫ Ω_T fφ_ε dxdt A multiplication by ε^2 on both sides of the equation and a limit passage in (8), using Corollary 1, yields the ∼ −2 equation: ∫ Ω_T ∫ Y_τ a[∇_xu + ∇_{y1} u_1 + ∇_{y2} u_2] · ∇_{y2} φ(x, y_1, y_2, t, τ) dy_τ dx_T = 0.

Step 2: We chose test functions φ_ε = φ(x,^x_ε , t,^t_{ε2} ) and consider the difference between (7) and the weak limit (5) in Theorem 5. − ∫ Ω_T (u_ε − u) ( ∂φ_ε ∂t + ε^{−2} ∂φ_ε ∂τ ) dxdt+ ∫ Ω_T ( a_ε∇u_ε − ∫ Y_τ a[∇_xu + ∇_{y1} u_1 + ∇_{y2} u_2] dydτ ) · (∇_x + ε^{−1}∇_{y1} )φ_ε dxdt = 0.

A multiplication by ε^1 on both sides of the equation and a limit passage, where Theorem 3 is used in the first term yields the ∼ −1 equation: − ∫ Ω_T ∫ Y_τ u_1(x, y_1, t, τ) ∂φ ∂τ (x, y_1, t, τ) dy_τ dx_T +

12 ANDERS HOLMBOM, NILS SVANSTEDT, AND NIKLAS WELLANDER ∫ Ω_T ∫ Y_τ a[∇_xu + ∇_{y1} u_1 + ∇_{y2} u_2] · ∇_{y1} φ(x, y_1, t, τ) dy_τ dx_T = 0. 2 < k < 3 Step 1: Choose test functions φ_ε = φ(x,^x_ε ,^x_{ε2} , t) and study the equation − ∫ Ω_T u_ε ∂φ_ε ∂t dxdt+ ∫ Ω_T

a_ε∇u_ε · (∇_x + ε^{−1}∇_{y1} + ε^{−2}∇_{y2} )φ_ε dxdt = ∫ Ω_T fφ_ε dxdt. Multiplication by ε^2 and a limit passage yields the ∼ −2 equation: ∫ Ω_T ∫ Y_τ a[∇_xu + ∇_{y1} u_1 + ∇_{y2} u_2] · ∇_{y2} φ(x, y_1, t, τ) dy_τ dx_T = 0.

Step 2: Choose test functions φ_ε = φ(x,^x_ε , t,^t_{ε2} ) and consider − ∫ Ω_T [ (u_ε − u) ( ∂φ_ε ∂t + ε^{−k}∂φ_ε ∂τ ) − u ∂φ_ε ∂t ] dxdt+ ∫ Ω_T

a_ε∇u_ε · (∇_x + ε^{−1}∇_{y1} + ε^{−2}∇_{y2} )φ_ε dxdt = ∫ Ω_T fφ_ε dxdt. A multiplication by ε^{k−1} and a limit passage, where Theorem 3 is used yields the ∼ −k +1 equation: − ∫ Ω_T ∫ Y_τ u_1 ∂φ ∂τ (x, y_1, t, τ) dy_τ dx_T = 0. And hence u_1 = u_1(x, y_1, t).

Step 3: Choose test functions φ_ε = φ(x,^x_ε , t) and study the equation − ∫ Ω_T u_ε ∂φ_ε ∂t dxdt+ ∫ Ω_T

a_ε∇u_ε · (∇_x + ε^{−1}∇_{y1} )φ_ε dxdt = ∫ Ω_T fφ_ε dxdt. Multiplication by ε and a limit passage yields the ∼ −1 equation: ∫ Ω_T ∫ Y_τ a[∇_xu + ∇_{y1} u_1 + ∇_{y2} u_2] · ∇_{y1} φ(x, y_1, t, τ) dy_τ dx_T = 0. k=3 Step 1: We consider again the difference between (7) and the weak limit (5) in Theorem 5, i.e. − ∫ Ω_T (u_ε − u) ( ∂φ_ε ∂t + ε^{−3} ∂φ_ε ∂τ ) dxdt+

MULTISCALE CONVERGENCE OF PARABOLIC PROBLEMS 13 ∫ Ω_T ( a_ε∇u_ε − ∫ Y_τ a[∇_xu + ∇_{y1} u_1 + ∇_{y2} u_2] dydτ ) · (∇_x + ε^{−1}∇_{y1} + ε^{−2}∇_{y2} )φ_ε dxdt = 0

A multiplication by ε^2 on both sides of the equation and a limit passage, where Theorem 3 is used, yields the ∼ −2 equation: − ∫ Ω_T ∫ Y_τ u_1 ∂φ ∂τ (x, y_1, y_2, t, τ) dy_τ dx_T

(9) + ∫ Ω_T ∫ Y_τ a[∇_xu + ∇_{y1} u_1 + ∇_{y2} u_2] · ∇_{y2} φ(x, y_1, y_2, t, τ) dy_τ dx_T = 0.

Step 2: We chose test functions φ_ε = φ(x,^x_ε , t,^t_{ε3} ). Scale y_1 = x/ε in u_1, multiply (9) by ε and subtract this from the difference between (7) and (5). This gives − ∫ Ω_T

(u_ε − u − εu_1) ( ∂φ_ε ∂t + ε^{−3} ∂φ_ε ∂τ ) dxdt − ∫ Ω_T εu_1 ∂φ_ε ∂t dxdt+ ∫ Ω_T ( a_ε∇u_ε − ∫ Y_τ a[·] dydτ − ε ∫ Y_2 a[·] dy_2 ) · (∇_x + ε^{−1}∇_{y1} )φ_ε dxdt = ∫ Ω_T fφ_ε dxdt, where a[·] = a[∇_xu + ∇_{y1} u_1 + ∇_{y2} u_2] = a(x, y_1, y_2, t, τ)[∇_xu + ∇_{y1} u_1 + ∇_{y2} u_2]. A multiplication by ε^1 on both sides of the equation and a limit passage, where Theorem 4 is used, yields the ∼ −1 equation: − ∫ Ω_T ∫ Y_τ u_2 ∂φ ∂τ (x, y_1, t, τ) dy_τ dx_T + ∫ Ω_T ∫ Y_τ a[∇_xu + ∇_{y1} u_1 + ∇_{y2} u_2] · ∇_{y1} φ(x, y_1, t, τ) dy_τ dx_T = 0. 3 < k < 4 Step 1: We still choose test functions φ_ε = φ(x,^x_ε ,^x_{ε2} , t,^t_{εk} ). But now we study − ∫ Ω_T (u_ε − u) ( ∂φ_ε ∂t + ε^{−k} ∂φ_ε ∂τ ) − u ∂φ_ε ∂t dxdt + ∫ Ω_T

a_ε∇u_ε · (∇_x + ε^{−1}∇_{y1} + ε^{−2}∇_{y2} )φ_ε dxdt = ∫ Ω_T fφ_ε dxdt A multiplication by ε^{k−1} on both sides of the equation and a limit passage, where Theorem 3 is used, yields the ∼ −k + 1 equation: − ∫ Ω_T ∫ Y_τ u_1 ∂φ ∂τ (x, y_1, y_2, t, τ) dy_τ dx_T = 0. From this we conclude that u_1 = u_1(x, y_1, t), i.e. independent of τ.

Step 2: Choose test functions φ_ε = φ(x,^x_ε ,^x_{ε2} , t) and study the equation − ∫ Ω_T u_ε ∂φ_ε ∂t dxdt+

14 ANDERS HOLMBOM, NILS SVANSTEDT, AND NIKLAS WELLANDER ∫ Ω_T

a_ε∇u_ε · (∇_x + ε^{−1}∇_{y1} + ε^{−2}∇_{y2} )φ_ε dxdt = ∫ Ω_T fφ_ε dxdt. A multiplication by ε^2 and a limit passage yields the ∼ −2 equation: ∫ Ω_T ∫ Y_τ a[∇_xu + ∇_{y1} u_1 + ∇_{y2} u_2] · ∇_{y2} φ(x, y_1, y_2, t, τ) dy_τ dx_T = 0.

Step 3: Choose test functions φ_ε = φ(x,^x_ε , t,^t_{εk} ), scale y_1 = x/ε in u_1 and study − ∫ Ω_T

(u_ε − u − εu_1) ( ∂φ_ε ∂t + ε^{−4} ∂φ_ε ∂τ ) − (u + εu_1) ∂φ_ε ∂t dxdt+ ∫ Ω_T

a_ε∇u_ε · (∇_x + ε^{−1}∇_{y1} + ε^{−2}∇_{y2} )φ_ε dxdt = ∫ Ω_T fφ_ε dxdt A multiplication by ε^{k−2} on both sides of the equation and a limit passage, where Theorem 4 is used, yields the ∼ −k + 2 equation: − ∫ Ω_T ∫ Y_τ u_2 ∂φ ∂τ (x, y_1, y_2, t, τ) dy_τ dx_T = 0. And hence u_2 = u_2(x, y_1, y_2, t), i.e. independent of τ.

Step 4: Next we choose test functions φ_ε = φ(x,^x_ε , t) and study the equation − ∫ Ω_T u_ε ∂φ_ε ∂t dxdt + ∫ Ω_T

a_ε∇u_ε · (∇_x + ε^{−1}∇_{y1} )φ_ε dxdt = ∫ Ω_T fφ_ε dxdt A multiplication by ε^1 on both sides of the equation and a limit passage yields the ∼ −1 equation: ∫ Ω_T [∫ Y_τ a[∇_xu + ∇_{y1} u_1 + ∇_{y2} u_2]dy_2dτ ] · ∇_{y1} φ(x, y_1, t) dy_1dxdt = 0. k=4 Step 1: We choose test functions φ_ε = φ(x,^x_ε ,^x_{ε2} , t,^t_{ε4} ). Then we study − ∫ Ω_T (u_ε − u) ( ∂φ_ε ∂t + ε^{−4} ∂φ_ε ∂τ ) − u ∂φ_ε ∂t dxdt + ∫ Ω_T

a_ε∇u_ε · (∇_x + ε^{−1}∇_{y1} + ε^{−2}∇_{y2} )φ_ε dxdt

= ∫ Ω_T fφ_ε dxdt A multiplication by ε^3 on both sides of the equation and a limit passage, where Theorem 3 is used, yields the ∼ −3 equation: − ∫ Ω_T ∫ Y_τ u_1 ∂φ ∂τ (x, y_1, y_2, t, τ) dy_τ dx_T = 0.

MULTISCALE CONVERGENCE OF PARABOLIC PROBLEMS 15

From this we conclude that u_1 = u_1(x, y_1, t), i.e. independent of τ.

Step 2: Scale y_1 = x/ε in u_1 and study − ∫ Ω_T

(u_ε − u − εu_1) ( ∂φ_ε ∂t + ε^{−4} ∂φ_ε ∂τ ) − (u + εu_1) ∂φ_ε ∂t dxdt+ ∫ Ω_T

a_ε∇u_ε · (∇_x + ε^{−1}∇_{y1} + ε^{−2}∇_{y2} )φ_ε dxdt = ∫ Ω_T fφ_ε dxdt A multiplication by ε^2 on both sides of the equation and a limit passage, where Theorem 4 is used, yields the ∼ −2 equation: − ∫ Ω_T ∫ Y_τ u_2 ∂φ ∂τ (x, y_1, y_2, t, τ) dy_τ dx_T + ∫ Ω_T ∫ Y_τ a[∇_xu + ∇_{y1} u_1 + ∇_{y2} u_2] · ∇_{y2} φ(x, y_1, y_2, t, τ) dy_τ dx_T = 0.

Step 3: Next we choose test functions φ_ε = φ(x,^x_ε , t). This yields − ∫ Ω_T u_ε ∂φ_ε ∂t dxdt + ∫ Ω_T

a_ε∇u_ε · (∇_x + ε^{−1}∇_{y1} )φ_ε dxdt = ∫ Ω_T fφ_ε dxdt A multiplication by ε^1 on both sides of the equation and a limit passage yields the ∼ −1 equation: ∫ Ω_T [∫ Y_τ a[∇_xu + ∇_{y1} u_1 + ∇_{y2} u_2]dy_2dτ ] · ∇_{y1} φ(x, y_1, t) dy_1dxdt = 0. k > 4 Step 1: We choose test functions φ_ε = φ(x,^x_ε ,^x_{ε2} , t,^t_{εk} ). And we study − ∫ Ω_T (u_ε − u) ( ∂φ_ε ∂t + ε^{−4} ∂φ_ε ∂τ ) − u ∂φ_ε ∂t dxdt + ∫ Ω_T

a_ε∇u_ε · (∇_x + ε^{−1}∇_{y1} + ε^{−2}∇_{y2} )φ_ε dxdt = ∫ Ω_T fφ_ε dxdt A multiplication by ε^{k−1} on both sides of the equation and a limit passage, where Theorem 3 is used, yields the ∼ −k + 1 equation: − ∫ Ω_T ∫ Y_τ u_1 ∂φ ∂τ (x, y_1, y_2, t, τ) dy_τ dx_T = 0. From this we conclude that u_1 = u_1(x, y_1, t), i.e. independent of τ.

Step 2: Scale y_1 = x/ε in u_1 and study − ∫ Ω_T

(u_ε − u − εu_1) ( ∂φ_ε ∂t + ε^{−k} ∂φ_ε ∂τ ) − (u + εu_1) ∂φ_ε ∂t dxdt+

16 ANDERS HOLMBOM, NILS SVANSTEDT, AND NIKLAS WELLANDER ∫ Ω_T

a_ε∇u_ε · (∇_x + ε^{−1}∇_{y1} + ε^{−2}∇_{y2} )φ_ε dxdt = ∫ Ω_T fφ_ε dxdt A multiplication by ε^{k−2} on both sides of the equation and a limit passage, where Theorem 4 is used, yields the ∼ −k + 2 equation: − ∫ Ω_T ∫ Y_τ u_2 ∂φ ∂τ (x, y_1, y_2, t, τ) dy_τ dx_T = 0. From this we conclude that u_2 = u_2(x, y_1, y_2, t), i.e. independent of τ.

Step 3: Next we choose test functions φ_ε = φ(x,^x_ε ,^x_{ε2} , t) and study the equation − ∫ Ω_T u_ε ∂φ_ε ∂t dxdt + ∫ Ω_T

a_ε∇u_ε · (∇_x + ε^{−1}∇_{y1} + ε^{−2}∇_{y2} )φ_ε dxdt = ∫ Ω_T fφ_ε dxdt A multiplication by ε^2 on both sides and a limit passage yields the ∼ −2 equation ∫ Ω_T ∫ Y_τ a[∇_xu + ∇_{y1} u_1 + ∇_{y2} u_2] · ∇_{y2} φ(x, y_1, y_2, t, τ) dy_τ dx_T = 0.

Step 4: Next we choose test functions φ_ε = φ(x,^x_ε , t) and study the equation − ∫ Ω_T u_ε ∂φ_ε ∂t dxdt + ∫ Ω_T

a_ε∇u_ε · (∇_x + ε^{−1}∇_{y1} )φ_ε dxdt = ∫ Ω_T fφ_ε dxdt A multiplication by ε^1 on both sides of the equation and a limit passage yields the ∼ −1 equation: ∫ Ω_T [∫ Y_τ a[∇_xu + ∇_{y1} u_1 + ∇_{y2} u_2]dy_2dτ ] · ∇_{y1} φ(x, y_1, t) dy_1dxdt = 0. □ Remark 8. Theorem 7 easily generalizes to the case of N spatial scales and more than one temporal scale. The difference is that the number of intervals to be studied increases. Also one needs to prove a generalization of Theorem 4 to the case of N scales. Remark 9. In the present paper we have analyzed a prototype problem in order to understand analytically the mechanism when more fine scales are added to the problem. We see that the occurence of phenomena like resonances increases and we can obtain a variety of local effects which in the end has a large impact on the global behaviour of the solution. Especially we note that by adding spatial scales the problem becomes more and more sensitive to a perturbation with respect to the number k.

5. Appendix: Multiple Scales Expansions Let us revisit the expansion (3). By the chain rule we have ∂u_ε ∂t = ( ∂ ∂t + ε^{−k} ∂ ∂τ ) (u + εu_1 + ε^2u_2 + . . .) and −div(a∇u_ε) = −(div_x + ε^{−1}div_{y1} + ε^{−2}div_{y2} ) [a(∇_xu + ∇_{y1} u_1 + ∇_{y2} u_2) +

MULTISCALE CONVERGENCE OF PARABOLIC PROBLEMS 17

+ ε(∇_xu_1 + ∇_{y1} u_2 + ∇_{y2} u_3) + . . .)] .

The three relevant orders of ε to study are −2, −1 and 0. We will use below the fact that we can not verify the existence of the terms ∇_xu_1, ∇_{y1} u_2 and ∇_{y2} u_3 in L^2 by the multiscale compactness Theorem 5. We therefore omit their contribution also in the formal expansion. With higher regularity they might exist and this will lead to a more complex array of local problems. We just point out in the cases k = 1 and k = 2 that there occur, formally, two time derivatives in the zero order equation. However, the local time derivative vanish after an averaging in local time. Compare with Remark 1 where this is explained and with Remark 2 above. The structure of the hierarchy of equations will depend on k > 0. It turns out that there are 7 different significant cases to consider, namely: 0 < k < 2, k = 2, 2 < k < 3, k = 3, 3 < k < 4, k = 4 and k > 4, respectively. We choose k = 1 for the case 0 < k < 2 in order to point out the remark from above.

k = 1:

∼ −2: −div_{y2} (a(∇_xu + ∇_{y1} u_1 + ∇_{y2} u_2)) = 0. ∼ −1: ∂u ∂τ − div_{y1} (a(∇_xu + ∇_{y1} u_1 + ∇_{y2} u_2)) = 0.

∼ 0: ∂u ∂t + ∂u_1 ∂τ − div_x(a(∇_xu + ∇_{y1} u_1 + ∇_{y2} u_2)) = f.

k = 2: ∼ −2: ∂u ∂τ − div_{y2} (a(∇_xu + ∇_{y1} u_1 + ∇_{y2} u_2)) = 0. ∼ −1: ∂u_1 ∂τ − div_{y1} (a(∇_xu + ∇_{y1} u_1 + ∇_{y2} u_2)) = 0.

∼ 0: ∂u ∂t + ∂u_2 ∂τ − div_x(a(∇_xu + ∇_{y1} u_1 + ∇_{y2} u_2)) = f.

2 < k < 3: ∼ −k: ∂u ∂τ = 0.

∼ −2: −div_{y2} (a(∇_xu + ∇_{y1} u_1 + ∇_{y2} u_2)) = 0. ∼ −k + 1: ∂u_1 ∂τ = 0.

∼ −1: −div_{y1} (a(∇_xu + ∇_{y1} u_1 + ∇_{y2} u_2)) = 0.

∼ 0: ∂u ∂t − div_x(a(∇_xu + ∇_{y1} u_1 + ∇_{y2} u_2)) = f.

18 ANDERS HOLMBOM, NILS SVANSTEDT, AND NIKLAS WELLANDER

k = 3: ∼ −3: ∂u ∂τ = 0. ∼ −2: ∂u_1 ∂τ − div_{y2} (a(∇_xu + ∇_{y1} u_1 + ∇_{y2} u_2)) = 0. ∼ −1: ∂u_2 ∂τ − div_{y1} (a(∇_xu + ∇_{y1} u_1 + ∇_{y2} u_2)) = 0.

∼ 0: ∂u ∂t − div_x(a(∇_xu + ∇_{y1} u_1 + ∇_{y2} u_2)) = f.

3 < k < 4: ∼ −k: ∂u ∂τ = 0. ∼ −k + 1: ∂u_1 ∂τ = 0.

∼ −2: −div_{y2} (a(∇_xu + ∇_{y1} u_1 + ∇_{y2} u_2)) = 0. ∼ −k + 2: ∂u_2 ∂τ = 0.

∼ −1: −div_{y1} (a(∇_xu + ∇_{y1} u_1 + ∇_{y2} u_2)) = 0. ∼ 0: ∂u ∂t − div_x(a(∇_xu + ∇_{y1} u_1 + ∇_{y2} u_2)) = f.

k = 4: ∼ −4: ∂u ∂τ = 0. ∼ −3: ∂u_1 ∂τ = 0. ∼ −2: ∂u_2 ∂τ − div_{y2} (a(∇_xu + ∇_{y1} u_1 + ∇_{y2} u_2)) = 0.

∼ −1: −div_{y1} (a(∇_xu + ∇_{y1} u_1 + ∇_{y2} u_2)) = 0. ∼ 0: ∂u ∂t − div_x(a(∇_xu + ∇_{y1} u_1 + ∇_{y2} u_2)) = f. k > 4:

MULTISCALE CONVERGENCE OF PARABOLIC PROBLEMS 19 ∼ −k: ∂u ∂τ = 0. ∼ −k + 1: ∂u_1 ∂τ = 0. ∼ −k + 2: ∂u_2 ∂τ = 0.

∼ −2: −div_{y2} (ã(∇_xu + ∇_{y1} u_1 + ∇_{y2} u_2)) = 0.

∼ −1: − div_{y1} (ã(∇_xu + ∇_{y1} u_1 + ∇_{y2} u_2)) = 0.

∼ 0: ∂u ∂t − div_x(ã(∇_xu + ∇_{y1} u_1 + ∇_{y2} u_2)) = f.

where ã(x, t) = ∫_1 0 a(x, y_1, y_2, t, τ) dτ. References

[1] G Allaire and M Briane, Multi-scale Convergence and Reiterated Homogenization, Proc. Royal Soc.

Edinburgh, Vol. 126, (1996), 297-342.

[2] A. Bensoussan, J.L. Lions and G. Papanicolaou, Asymptotic Analysis for Periodic Structures, North- Holland, 1978.

[3] D Cioranescu and P. Donato, An Introduction to Homogenization, Oxford Lecture Series in Mathematics and its Applications, Oxford Univ. Press, New York, 1999.

[4] A. Dall’Aglio and F. Murat, A corrector result for H-converging parabolic problems with timedependent coefficients. Dedicated to Ennio De Giorgi. Ann. Scuola Norm. Sup. Pisa Cl. Sci. (4) 25 (1997), no. 1-2, 329–373 (1998).

[5] A Holmbom, Homogenization of parabolic equations - an alternative approach and some corrector-type results, Appl. of Math., Vol. 42, no 5, (1997), 321-343.

[6] J.L. Lions, D. Lukkassen, L-E. Persson and P. Wall, Reiterated homogenization of nonlinear monotone operators, Chin. Ann. Math., Ser. B, 22, 1, (2001), 1-12.

[7] N. Svanstedt and N. Wellander, A note on two-scale convergence of differential operators, Submitted. [8] R. Temam, Navier-Stokes equations, North-Holland, 1977.

MULTISCALE CONVERGENCE OF PARABOLIC PROBLEMS 21

Chalmers Finite Element Center Preprints

2001–01 A simple nonconforming bilinear element for the elasticity problem Peter Hansbo and Mats G. Larson 2001–02 The LL^∗ finite element method and multigrid for the magnetostatic problem Rickard Bergström, Mats G. Larson, and Klas Samuelsson 2001–03 The Fokker-Planck operator as an asymptotic limit in anisotropic media Mohammad Asadzadeh 2001–04 A posteriori error estimation of functionals in elliptic problems: experiments Mats G. Larson and A. Jonas Niklasson 2001–05 A note on energy conservation for Hamiltonian systems using continuous time finite elements Peter Hansbo 2001–06 Stationary level set method for modelling sharp interfaces in groundwater flow Nahidh Sharif and Nils-Erik Wiberg 2001–07 Integration methods for the calculation of the magnetostatic field due to coils Marzia Fontana 2001–08 Adaptive finite element computation of 3D magnetostatic problems in potential formulation Marzia Fontana 2001–09 Multi-adaptive galerkin methods for ODEs I: theory & algorithms Anders Logg 2001–10 Multi-adaptive galerkin methods for ODEs II: applications Anders Logg 2001–11 Energy norm a posteriori error estimation for discontinuous Galerkin methods Roland Becker, Peter Hansbo, and Mats G. Larson 2001–12 Analysis of a family of discontinuous Galerkin methods for elliptic problems: the one dimensional case Mats G. Larson and A. Jonas Niklasson 2001–13 Analysis of a nonsymmetric discontinuous Galerkin method for elliptic problems: stability and energy error estimates Mats G. Larson and A. Jonas Niklasson 2001–14 A hybrid method for the wave equation Larisa Beilina, Klas Samuelsson and Krister Åhlander 2001–15 A finite element method for domain decomposition with non-matching grids Roland Becker, Peter Hansbo and Rolf Stenberg 2001–16 Application of stable FEM-FDTD hybrid to scattering problems Thomas Rylander and Anders Bondeson 2001–17 Eddy current computations using adaptive grids and edge elements Y. Q. Liu, A. Bondeson, R. Bergström, C. Johnson, M. G. Larson, and K. Samuelsson 2001–18 Adaptive finite element methods for incompressible fluid flow Johan Hoffman and Claes Johnson 2001–19 Dynamic subgrid modeling for time dependent convection–diffusion–reaction equations with fractal solutions Johan Hoffman

22 ANDERS HOLMBOM, NILS SVANSTEDT, AND NIKLAS WELLANDER

2001–20 Topics in adaptive computational methods for differential equations Claes Johnson, Johan Hoffman and Anders Logg 2001–21 An unfitted finite element method for elliptic interface problems Anita Hansbo and Peter Hansbo 2001–22 A P^2–continuous, P^1–discontinuous finite element method for the Mindlin- Reissner plate model Peter Hansbo and Mats G. Larson 2002–01 Approximation of time derivatives for parabolic equations in Banach space: constant time steps Yubin Yan 2002–02 Approximation of time derivatives for parabolic equations in Banach space: variable time steps Yubin Yan 2002–03 Stability of explicit-implicit hybrid time-stepping schemes for Maxwell’s equations Thomas Rylander and Anders Bondeson 2002–04 A computational study of transition to turbulence in shear flow Johan Hoffman and Claes Johnson 2002–05 Adaptive hybrid FEM/FDM methods for inverse scattering problems Larisa Beilina 2002–06 DOLFIN - Dynamic Object oriented Library for FINite element computation Johan Hoffman and Anders Logg 2002–07 Explicit time-stepping for stiff ODEs Kenneth Eriksson, Claes Johnson and Anders Logg 2002–08 Adaptive finite element methods for turbulent flow Johan Hoffman 2002–09 Adaptive multiscale computational modeling of complex incompressible fluid flow Johan Hoffman and Claes Johnson 2002–10 Least-squares finite element methods with applications in electromagnetics Rickard Bergström 2002–11 Discontinuous/continuous least-squares finite element methods for elliptic problems Rickard Bergström and Mats G. Larson 2002–12 Discontinuous least-squares finite element methods for the Div-Curl problem Rickard Bergström and Mats G. Larson 2002–13 Object oriented implementation of a general finite element code Rickard Bergström 2002–14 On adaptive strategies and error control in fracture mechanics Per Heintz and Klas Samuelsson 2002–15 A unified stabilized method for Stokes’ and Darcy’s equations Erik Burman and Peter Hansbo 2002–16 A finite element method on composite grids based on Nitsche’s method Anita Hansbo, Peter Hansbo and Mats G. Larson 2002–17 Edge stabilization for Galerkin approximations of convection–diffusion problems Erik Burman and Peter Hansbo

MULTISCALE CONVERGENCE OF PARABOLIC PROBLEMS 23

2002–18 Adaptive strategies and error control for computing material forces in fracture mechanics Per Heintz, Fredrik Larsson, Peter Hansbo and Kenneth Runesson 2002–19 A variable diffusion method for mesh smoothing J. Hermansson and P. Hansbo 2003–01 A hybrid method for elastic waves L.Beilina 2003–02 Application of the local nonobtuse tetrahedral refinement techniques near Fichera-like corners L.Beilina, S.Korotov and M. Křížek 2003–03 Nitsche’s method for coupling non-matching meshes in fluid-structure vibration problems Peter Hansbo and Joakim Hermansson 2003–04 Crouzeix–Raviart and Raviart–Thomas elements for acoustic fluid–structure interaction Joakim Hermansson 2003–05 Smoothing properties and approximation of time derivatives in multistep backward difference methods for linear parabolic equations Yubin Yan 2003–06 Postprocessing the finite element method for semilinear parabolic problems Yubin Yan 2003–07 The finite element method for a linear stochastic parabolic partial differential equation driven by additive noise Yubin Yan 2003–08 A finite element method for a nonlinear stochastic parabolic equation Yubin Yan 2003–09 A finite element method for the simulation of strong and weak discontinuities in elasticity Anita Hansbo and Peter Hansbo 2003–10 Generalized Green’s functions and the effective domain of influence Donald Estep, Michael Holst, and Mats G. Larson 2003–11 Adaptive finite element/difference method for inverse elastic scattering waves L.Beilina 2003–12 A Lagrange multiplier method for the finite element solution of elliptic domain decomposition problems using non-matching meshes Peter Hansbo, Carlo Lovadina, Ilaria Perugia, and Giancarlo Sangalli 2003–13 A reduced P^1–discontinuous Galerkin method R. Becker, E. Burman, P. Hansbo, and M. G. Larson 2003–14 Nitsche’s method combined with space–time finite elements for ALE fluid– structure interaction problems Peter Hansbo, Joakim Hermansson, and Thomas Svedberg 2003–15 Stabilized Crouzeix–Raviart element for the Darcy-Stokes problem Erik Burman and Peter Hansbo 2003–16 Edge stabilization for the generalized Stokes problem: a continuous interior penalty method Erik Burman and Peter Hansbo 2003–17 A conservative flux for the continuous Galerkin method based on discontinuous enrichment Mats G. Larson and A. Jonas Niklasson

2003–18 CAD–to–CAE integration through automated model simplification and adaptive modelling K.Y. Lee, M.A. Price, C.G. Armstrong, M.G. Larson, and K. Samuelsson 2003–19 Multi-adaptive time integration Anders Logg 2003–20 Adaptive computational methods for parabolic problems Kenneth Eriksson, Claes Johnson, and Anders Logg 2003–21 The FEniCS project T. Dupont, J. Hoffman, C. Johnson, R. Kirby, M. Larson, A. Logg, and R. Scott 2003–22 Adaptive finite element methods for LES: Computation of the mean drag coefficient in a turbulent flow around a surface mounted cube using adaptive mesh refinement Johan Hoffman 2003–23 Adaptive DNS/LES: a new agenda in CFD Johan Hoffman and Claes Johnson 2003–24 Multiscale convergence and reiterated homogenization of parabolic problem Anders Holmbom, Nils Svanstedt, and Niklas Wellander

These preprints can be obtained from

www.phi.chalmers.se/preprints